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Unit - |
Mathematical Logic
INTRODUCTION

Proposition: A proposition or statement is a declarative sentence which is
either true or false but not both. The truth or falsity of a proposition is called its truth-
value. These two values _true‘ and _false‘ are denoted by the symbols T and F
respectively. Sometimes these are also denoted by the symbols 1 and O respectively.

Example 1: Consider the following sentences:

1. Delhi is the capital of India.

2. Kolkata is a country.

3.5 is a prime number.

4.2+3=4.

These are propositions (or statements) because they are either true of false.

Next consider the following sentences:

5. How beautiful are you?

6. Wish you a happy new year

7.x+y=12

8. Take one book.

These are not propositions as they are not declarative in nature, that is, they do not
declare a definite truth value T or F.

Propositional Calculus is also known as statement calculus. It is the branch of
mathematics that is used to describe a logical system or structure. A logical system consists
of (1) a universe of propositions, (2) truth tables (as axioms) for the logical operators and
(3) definitions that explain equivalence and implication of propositions.

Connectives
The words or phrases or symbols which are used to make a proposition by two or more
propositions are called logical connectives or simply connectives. There are five basic
connectives called negation, conjunction, disjunction, conditional and biconditional.
Negation

The negation of a statement is generally formed by writing the word _not* at a
proper place in the statement (proposition) or by prefixing the statement with the phrase
_It is not the case that*. If p denotes a statement then the negation of p is written as p and
read as _not p°. If the truth value of p is T then the truth value of p is F. Also if the truth
value of p is F then the truth value of pis T.

Table 1. Truth table for negation

p P
T FT
F




Example 2: Consider the statement p: Kolkata is a city. Then —p: Kolkata is not a city.
Although the two statements _Kolkata is not a city* and _It is not the case that Kolkata is a city* are
not identical, we have translated both of them by p. The reason is that both these statements have the
same meaning.

Conjunction

The conjunction of two statements (or propositions) p and q is the statement p A g which is
read as _p and ‘. The statement p A g has the truth value T whenever both p and g have the truth
value T. Otherwise it has truth value F.

Table 2. Truth table for conjunction

MM+ |o
MmN+ |©
M | >

Example 3: Consider the following statements p : It is raining
today.
q : There are 10 chairs in the room.
Then p A q: Itis raining today and there are 10 chairs in the room.
Note: Usually, in our everyday language the conjunction _and* is used between two statements which
have some kind of relation. Thus a statement _It is raining today and 1 + 1 = 2° sounds odd, but in
logic it is a perfectly acceptable statement formed from the statements _It is raining today‘ and _1 +
1=2°
Example 4: Translate the following statement: _Jack and Jill went up the hill® into
symbolic form using conjunction. Solution: Let p : Jack went up the hill, g : Jill
went up the hill.
Then the given statement can be written in symbolic form as p A g.

Disjunction
The disjunction of two statements p and g is the statement p vV q which is read as _p or q°. The

statement p Vv q has the truth value F only when both p and g have the truth value F. Otherwise it has
truth value T.

Table 3: Truth table for disjunction

P q pPvq

mm—A
m-HTA
-4

Example 5: Consider the following statements p : I shall go to the game.



g : I shall watch the game on television.

Then p v g : I shall go to the game or watch the game on television.
Conditional proposition

If p and g are any two statements (or propositions) then the statement p — g which is read as,
_If p, then q° is called a conditional statement (or proposition) or implication and the connective is
the conditional connective.

The conditional is defined by the following table:

Table 4. Truth table for conditional

P q P—q

mmHA
mH47d
— <7

In this conditional statement, p is called the hypothesis or premise or antecedent and q is
called the consequence or conclusion.

To understand better, this connective can be looked as a conditional promise. If the promise is
violated (broken), the conditional (implication) is false. Otherwise it is true. For this reason, the only
circumstances under which the conditional p — q is false is when p is true and q is false.

Example 6: Translate the following statement:

‘The crop will be destroyed if there is a flood’ into symbolic form using conditional
connective.

Solution: Let ¢ : the crop will be destroyed; f : there is a flood.

Let us rewrite the given statement as

_If there is a flood, then the crop will be destroyed®. So, the symbolic form of the given
statement is f — c.

Example 7: Let p and g denote the statements:

p : You drive over 70 km per hour.

g : You get a speeding ticket.

Write the following statements into symbolic forms.

(i) You will get a speeding ticket if you drive over 70 km per hour.

(it) Driving over 70 km per hour is sufficient for getting a speeding ticket.



(iii) If you do not drive over 70 km per hour then you will not get a speeding ticket.
(iv) Whenever you get a speeding ticket, you drive over 70 km per hour. Solution: (i) p — q
(ii)p—q (i) p— q (iv)q—p.

Notes: 1. In ordinary language, it is customary to assume some kind of relationship between
the antecedent and the consequent in using the conditional. But in logic, the antecedent and the
consequent in a conditional statement are not required to refer to the same subject matter. For
example, the statement _If I get sufficient money then I shall purchase a high-speed computer® sounds
reasonable. On the other hand, a statement such as _If I purchase a computer then this pen is red"
does not make sense in our conventional language. But according to the definition of conditional, this
proposition is perfectly acceptable and has a truth-value which depends on the truth-values of the
component statements.

2. Some of the alternative terminologies used to express p — q (if p, then q) are the
following: (i) p implies q

(i) ponlyifq(_Ifp, then g° formulation emphasizes the antecedent, whereas _p only if
g formulation emphasizes the consequent. The difference is only stylistic.)

(i) qif p, or g when p.
(iv) g follows from p, or q whenever p.

(v) pissufficient for g, or a sufficient condition for q is p. (vi) q is necessary for p, or a
necessary condition for p is g. (vii) g is consequence of p.
Converse, Inverse and Contrapositive If P —

Q is a conditional statement, then
(1). Q — P is called its converse
(2). =P — —Qis called its inverse
(3). =Q — —Pis called its contrapositive.

Truth table for Q — P (converse of P — Q)

P1Q QO—P
T|T T
T|F T
FIT F
FI|F T
Truth table for =P — —Q (inverse of P — Q)
PIQ|-P|-Q|-P—>—0Q
T| F F T
TIF| F | T T
FIT| T | F F
FIF| T | T T




Truth table for -Q — —P (contrapositive of P — Q)

P|Q|-Q|-P|-0—-P
T|T|F|F T
T|F|T|F F
FIT|F | T T
FIF| T | T T

Example: Consider the statement
P : It rains.
Q: The crop will grow.

The implication P — Q states that
R: If it rains then the crop will grow.

The converse of the implication P — Q, namely Q — P sates that S: If the
crop will grow then there has been rain.

The inverse of the implication P — Q, namely =P — —( sates that U:

If it does not rain then the crop will not grow.

The contraposition of the implication P — Q, namely -Q — —P states that T : If the
crop do not grow then there has been no rain.

Example 9: Construct the truth table for (p — q) A (qQ —p)

p q pP—d q—p (P—a) A (G—p)
T T T T T
T F F T F
F T T F F
F F T T T

Biconditional proposition
If p and g are any two statements (propositions), then the statement p<— ¢ which is read as _p if and

only if g° and abbreviated as _p iff q° is called a biconditional statement and the connective is the
biconditional connective.

The truth table of p«»q is given by the following table:
Table 6. Truth table for biconditional

P g p<q

T T
T F
F T
F F

—(T|7n|-




It may be noted that p q is true only when both p and g are true or when both p and q are false.
Observe that p q is true when both the conditionals p — g and g — p are true, i.e., the truthvalues of
(p — g) A (g — p), given in EX. 9, are identical to the truth-values of p g defined here.

Note: The notation p < q is also used instead of p<qQ.
TAUTOLOGY AND CONTRADICTION

Tautology: A statement formula which is true regardless of the truth values of the statements which
replace the variables in it is called a universally valid formula or a logical truth or a tautology.

Contradiction: A statement formula which is false regardless of the truth values of the
statements which replace the variables in it is said to be a contradiction.

Contingency: A statement formula which is neither a tautology nor a contradiction is known
as a contingency.

Substitution Instance
A formula A is called a substitution instance of another formula B if A can be obtained form
B by substituting formulas for some variables of B, with the condition that the same formula
is substituted for the same variable each time it occurs.
Example: LetB:P — (JAP).
Substitute R<S for P in B, we get
DR S—>UAR <09
Then A is a substitution instance of B.
Note that (R < S) — (J AP) is not a substitution instance of B because the variables

Pin J A P was not replaced by R « S.

Equivalence of Formulas
Two formulas A and B are said to equivalent to each other if and only if 4~ Bis a
tautology.

If A—B is a tautology, we write A < B which is read as A is equivalent to B.
Note : 1. & is only symbol, but not connective.

2. A < Bs atautology if and only if truth tables of A and B are the same.
3. Equivalence relation is symmetric and transitive.

Method I. Truth Table Method: One method to determine whether any two statement
formulas are equivalent is to construct their truth tables.

Example: Prove PV Q & —(=P A =Q).

Solution:
Plo PvQ P | -0 -PA=Q | =(=PA-Q) [ (PVQ) & =(=-PA-Q)
TI|T F F F T T
TI|F T F LT F T T
FIT T F T T




FIF| F T T T F T
AsPVvQ (=P A-Q)isatautology, then PV Q & —(=P A Q).
Example: Prove (P — Q) & (=P Vv Q).
Solution:
P|Q|P>O|-P —PVvQ P—Q) (=PVQ)
T|T T F T T
T|F F F F T
FIT T T T T
F F T T T T
As(P— Q) (=P Vv Q)isatautology then (P — Q) & (=P Vv Q).
Equivalence Formulas:
1. Idempotent laws:
@PVP&P((b)PAP < P 2. Associative laws:
@PVQVRSPV(QVR) B (PAQARSPA(QAR)
3. Commutative laws:
@PVQeQVP BPAQe QAP
4. Distributive laws:
PVIQAR)(PVQ)A(PVR) PAQVR) & (PAQ)V(PAR)

5. Identity laws:
@@PVFeP (i)PVTeT
O @HPATeP (i)PAFSF
6. Component laws:
@@)PVv-PeT (i)PA-PoSF
M@ -—-PesP (i)-TeF,-FoT

7. Absorption laws:

@PVv(PAQ P b)PA(PVQ)e P

8. Demorgan‘s laws:

@-(PvQ)e-PA-Q (b)-(PAQ) e -PV-Q

10



Method I1. Replacement Process: Consider a formula A : P — (Q — R). The formulaQ — Ris a
part of the formula A. If we replace Q — R by an equivalent formula —=QVR in A, we get another
formula B : P — (-QVR). One can easily verify that the formulas A and B are equivalent to each
other. This process of obtaining B from A as the replacement process.

Example: Prove that P — (Q > R) © P — (-Q VR) & (P A Q) — R.(May. 2010)
Solution: P > (Q—>R) & P—>(-QVR) [*“Q—->R& -QVR]
& -PV(-QVR) [+P— Q& =PVQ]
& (=P Vv =Q) VR [by Associative laws]
& 2(PAQ) VR [by De Morgan‘s laws]
& PAQ —R[+*P—->Qe -PVQl
Example: Prove that (P - Q)A(R— Q) < (P VR) — Q.
Solution: P->QAR—-Q & (-PVQ)A(=RVQ)
S (-PA-R)VQ &
~(PVR)VQe PV
R—Q
Example: Prove thatP - (Q - P) & =P —» (P — Q).
Solution: P> (Q—>P)e-PV(Q—P)
& =PV (=QVP)
& (-PVP)V-Q
< TVv-Q

ST
and

“P—(P—-Q)e(=P)V(P—0)
©SPV(-PVvQ)e
PVv-P)vQeT
VQ&e
TSo,P—->(Q—P)&e -P—(P—Q).

***Example: Prove that (P A (mQAR))V(QAR)V (PAR) & R. (Nov. 2009)
Solution:

(FPA(EQAR)V(QAR)V (PAR)
S (PA-QAR)V(QVP)AR) [Associative and Distributive laws]
© ("(PVQYAR)V((QVP)AR) [De Morgan‘s laws]

11



< -=PVQVFPVQ)AR [Distributive laws]
& TAR [+-PVPoT]
&R
**Example: Show (P V Q) A =(=P A (=Q V =R))) V (=P A =Q) V (=P A —R) is tautology.
Solution: By De Morgan‘s laws, we have
~PA-Q & =(PVQ)
-PV-R& =(PAR)
Therefore
(=PA-Q)V(=PA-R)e =(PVQ)V-(PAR)
© -((PVQ)A(PVR))
Also
=(=P A (=QV =R)) & =(=P A =(Q AR))
<PV (QAR)
©PVQAPVR)
Hence (PVQ)A-(-PA(-QV-R) o PVQAPVQ)APVR)
©PVQAPVR)

Thus (PV Q) A=(=P A (=QV -R))) V(=P A=Q) V (=P A =R)
S[(PVQ)A(PVR)]V-[(PVQ)A(PVR)
ST
Hence the given formula is a tautology.
Example: Show that (P A Q) — (P V Q) is a tautology. (Nov. 2009)
Solution: (PAQ) > (PVQ & -(PAQ)V(PVQ)[“P—-> Q& -PVQ]
< (-Pv-Q)V(PVQ) [by De Morgan‘s laws]
< (-PVP)V(=QVQ) [by Associative laws and commutative
laws]
< (T v T)[by negation laws]

=3
Hence, the result.

Example: Write the negation of the following statements.
(a). Jan will take a job in industry or go to graduate school.
(b). James will bicycle or run tomorrow.
(c). If the processor is fast then the printer is slow.
Solution: (a). Let P : Jan will take a job in industry. Q:
Jan will go to graduate school.

The given statement can be written in the symbolicas P v Q.

The negation of P v Q is given by =(P Vv Q).

12



-(PVvQ) e -PA-Q.

=P A =Q: Jan will not take a job in industry and he will not go to graduate school.
(b). Let P : James will bicycle.
Q: James will run tomorrow.

The given statement can be written in the symbolicas P v Q.
The negation of P v Q is given by =(P Vv Q).
—l(P \Y Q) < P A Q.

=P A =Q: James will not bicycle and he will not run tomorrow.
(c). Let P : The processor is fast.

Q: The printer is slow.
The given statement can be written in the symbolic as P — Q.

The negation of P — Q is given by =(P — Q).
—I(P—>Q)@—l(ﬂPVQ)<=>P/\ﬁQ.

P A =Q: The processor is fast and the printer is fast.
Example: Use Demorgans laws to write the negation of each statement.
(@). I want a car and worth a cycle.
(b). My cat stays outside or it makes a mess.
(c). I‘ve fallen and I can‘t get up.
(d). You study or you don‘t get a good grade.
Solution: (a). I don‘t want a car or not worth a cycle.
(b). My cat not stays outside and it does not make a mess.
(c). I have not fallen or I can get up.
(d). You can not study and you get a good grade. Exercises:
1. Write the negation of the following statements.
(@). If it is raining, then the game is canceled.
(b). If he studies then he will pass the examination.
Are (p — q) — rand p — (g — r) logically equivalent? Justify your answer by using
the rules of logic to simply both expressions and also by using truth tables. Solution: (p —
q) — rand p — (g — r) are not logically equivalent because
Method I: Consider

(pP—a)—re(-pva) —r
& a(-pvoVre
(PA-O) VT
S (PANV(=qAT)
and
p—@—-rnep—-(-qvne
-pv(-qVr) e

“pVvV-QqVr.

Method I1: (Truth Table Method)

13



pPlajr|ip=qg|(Poa—-r |g—or|p—(g—r)
TIT|T| T T T T
TIT|F| T F F F
T|F|T| F T T T
T|F|F| F T T T
FIT|T| T T T T
FIT|F| T F F T
FIF|T| T T T T
FIF|F| T F T T

Here the truth values (columns) of (p — gq) — r and p — (g — r) are not identical.

Consider the statement: IIf you study hard, then you will excell. Write its converse,
contra positive and logical negation in logic.

Duality Law

Two formulas A and A™ are said to be duals of each other if either one can be obtained from the other
by replacing A by v and V by A. The connectives V and A are called duals of each other. If the formula
A contains the special variable T or F , then A*, its dual is obtained by replacing T by F and

F by T in addition to the above mentioned interchanges.
Example: Write the dual of the following formulas:

M. (PvQ)AR @i). PAQ)VT (iii). (P AQ) V (P V =(Q A S))

Solution: The duals of the formulas may be written as

»H.PAQ) VR (ii). PVQAF (ii). PVQ)A (P A=(QV =S))
Result 1: The negation of the formula is equivalent to its dual in which every variable is
replaced by its negation.
We can prove

-A(P1, P2, ..., Pn) & A*(=P1, =P2, ..., =Pn)

Example: Prove that (a). =(P A Q) —» (=P V (=P Vv Q)) & (=P Vv Q)
(b). PVQA(=PA(=PAQ)) = (-PAQ)

Solution: (8).~(PAQ) > (-PV (-PV Q) (PAQ)V(-PV(-PVQ)) [+P—> Q& PV
Ql
©PAQV(-PVQ)

S PAQV-PVQ

14



< (PAQ)V-P))VQ

S (PV-P)AQV-P)VQ
S (TAQV-P)VQ
©QVv-P)VvQ

< Qv -P

< -PVvQ
(b). From (a)

PAQV(-PV(E=PVQ)e-PVQ
Writing the dual

(PVQA(=PA(=PAQ) & (-PAQ)

Tautological Implications

A statement formula A is said to tautologically imply a statement B if and only if 4 — B
is a tautology.

In this case we write A = B, which is read as ‘A implies B*.
Note: = is not a connective, A = B is not a statement formula.
A = B states that 4 — B is tautology.
Clearly A = B guarantees that B has a truth value T whenever A has the truth value T .
One can determine whether A = B by constructing the truth tables of A and B in the same manner

as was done in the determination of A & B. Example: Prove that (P — Q) = (-Q — —P).

Solution:
PIQ|-P|Q|Po>Q| 0—>P| (P>Q—(=Q——P)
T|T| F F T T T
T|IF|F [T F F T
FIT]| T F T T T
FIF| T T T T T

Since all the entries in the last column are true, (P — Q) —» (-Q — —P)isa
tautology.

Hence (P — Q) = (=Q — —P).
In order to show any of the given implications, it is sufficient to show that an assignment
of the truth value T to the antecedent of the corresponding condi-

tional leads to the truth value T for the consequent. This procedure guarantees that the
conditional becomes tautology, thereby proving the implication.

15



Example: Prove that -Q A (P — Q) = —P.

Solution: Assume that the antecedent =Q A (P — Q) has the truth value T , then both -Q and P —

Q have the truth value T , which means that Q has the truth value F , P — Q has the truth value T .
Hence P must have the truth value F .
Therefore the consequent =P must have the truth value T.

QA (P— Q)=>-P.
Another method to show A = B is to assume that the consequent B has the truth value F and then

show that this assumption leads to A having the truth value F . Then A — B must have the truth value
T.

Example: Show that -+(P - Q) => P .

Solution: Assume that P has the truth value F . When P has F, P — Q has T, then =(P — Q) has F
.Hence =(P > Q) > PhasT.

(P> Q)=>P

Other Connectives

We introduce the connectives NAND, NOR which have useful applications in the design of
computers.

NAND: The word NAND is a combination of ‘NOT* and ‘AND* where ‘NOT* stands for negation
and ‘AND° for the conjunction. It is denoted by the symbol 1.
If P and Q are two formulas then

Pt1Oe -(PAQ)
The connective 1 has the following equivalence:

PtPo=(PAP)& PV P& -P.

P1Q1(P1Q e ~(P1Q) & ~(=(PAQ)) ®PAQ.

NAND is Commutative: Let P and Q be any two statement formulas. (P

1Q) & =(PAQ)
©-(QAP)e
Q1P)
~ NAND is commutative.
NAND is not Associative: Let P, Q and R be any three statement formulas. Consider

T(Q1R) & ~(PA(Q1R) = ~(PA(=(QAR))
© =PV (QAR))
PTQTRe-(PAQ) TR
©-(-(PAQ)AR) &

(PAQ)V-R
Therefore the connective 1 is not associative.

16



NOR: The word NOR is a combination of ‘NOT* and ‘OR‘ where ‘NOT* stands for negation and
_OR® for the disjunction. It is denoted by the symbol |.
If P and Q are two formulas then

The connective | has the following equivalence:

P|Po-(PVP)®-PA-P& -P.
PLQIPLIQe-(PlQ e ~(=(PVQ)=PVQ.

NOR is Commutative: Let P and Q be any two statement formulas.
(PlQ & =(PVQ)
©-(QVP)e
QLlP)
~ NOR is commutative.
NOR is not Associative: Let P, Q and R be any three statement formulas. Consider

PL(Q|R) = ~(PV(Q]R)
< (P V (=(QVRY))
< -PAQVR)
PlQIRe-(PVQ)IR
& (-(PVQ)VR)&
(PVQ)A-R

Therefore the connective | is not associative.

Evidently, P+ Q and P | Q are duals of each other.
Since
~(PAQ) & =PV -Q

-(PVQ) e =P A-Q.
Example: Express P | Q interms of 1 only. Solution:

190=-(PVQ)
< PvQ1T(PVQ)

S[PTP)TQTQITIPTIP)T(QTQ]
Example: Express P 1 Q interms of | only. (May-2012)

Solution: 10 =(PAQ)
SPAQIPAQ=I[PIP)I Q]
QI IPLIP)L(QIQ)]

Truth Tables
Example: Show that (A @ B) v (A | B) & (A 1 B). (May-2012)
Solution: We prove this by constructing truth table.

17



Al BAOB | 4 5| A®BIVALB) | 4.p
T| T F F F F
T F T F T T
F T T F T T
F| F| F T T T
As columns (A @ B) v (A | B) and (A 1 B) are identical.

~(A@B)V(A|B)e (A1B)

Normal Forms

If a given statement formula A(p1, p2, ...pn) involves n atomic variables, we have 2"
possible combinations of truth values of statements replacing the variables.

The formula A is a tautology if A has the truth value T for all possible assignments of the
truth values to the variables p1, p2, ...pn and A is called a contradiction if A has the truth value
F for all possible assignments of the truth values of the n variables. A is said to be satis able if
A has the truth value T for atleast one combination of truth values assigned to p1, p2,

..pn.
The problem of determining whether a given statement formula is a Tautology, or a

Contradiction is called a decision problem.

The construction of truth table involves a finite number of steps, but the construc-tion may
not be practical. We therefore reduce the given statement formula to normal form and find
whether a given statement formula is a Tautology or Contradiction or atleast satisfiable.

It will be convenient to use the word Iproductl in place of Iconjunctionl and Isuml in
place of Idisjunction| in our current discussion.

A product of the variables and their negations in a formula is called an elementary product.
Similarly, a sum of the variables and their negations in a formula is called an elementary sum.

Let P and Q be any atomic variables. Then P, =P AQ, =QAP =P ,P =P ,and Q A =P
are some examples of elementary products. On the other hand, P, =PV Q,-QVPV =P, P

V =P, and Q vV =P are some examples of elementary sums.
Any part of an elementary sum or product which is itself an elementary sum or product is

called a factor of the original elementary sum or product. Thus =Q,A =P , and =Q A P are
some of the factors of “Q AP A =P .

Disjunctive Normal Form (DNF)

A formula which is equivalent to a given formula and which consists of a sum of elementary
products is called a disjunctive normal form of the given formula.

Example: Obtain disjunctive normal forms of

@PAP—Q) (b) =(PVQ) = (PAQ).
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Solution: (a) We have
PA(P— Q)& PA(-PVQ)
S (PA-P)V(PAQ)
(o) -~(PVQ)~(PAQ)
S (PVQAPAQ)V((PVQ)A-(PAQ)) [using
RS (RAS)V (=R AAS)
S (FPA-QAPAQ)V(PVQ)A(=PV-Q)
S (PA-QAPAQV(PVQA-P)V((PVQ)A-Q)
S (EPA-QAPAQV(IPA-P)VQA-P)V(PA-Q)V (QA-Q)

which is the required disjunctive normal form.

Note: The DNF of a given formula is not unique.

Conjunctive Normal Form (CNF)

A formula which is equivalent to a given formula and which consists of a product of elementary
sums is called a conjunctive normal form of the given formula.

The method for obtaining conjunctive normal form of a given formula is similar to the one given
for disjunctive normal form. Again, the conjunctive normal form is not unique.

Example: Obtain conjunctive normal forms of
@ P AP — Q)b -(PVQe (PAQ).

Solution: (@). PA(P —> Q) P A (=P Vv Q) (b).=(P Vv Q)« (P

AQ)
S EPVQ->PAQIA(PAQ) —~(PVQ))
S((PVQVEPAQAGFPAQV(PVQ)
S[PVQVP)APVQVQIA[=PV-Q)V (=PA-Q)]
S PVQVP)APVQVQA(-PV-QV-P)A(=PV-QV-Q)

Note: A given formula is tautology if every elementary sum in CNF is tautology.

Example: Show that the formula Q v (P A =Q) V (=P A =Q) is a tautology.
Solution: First we obtain a CNF of the given formula.

QVIPA-QV(E-PA-Q) & QV(PV-P)A-Q)
< @QV((PV-P)AQV-Q)

S (QVPV-P)A(QV-Q)
Since each of the elementary sum is a tautology, hence the given formula is tautology.
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Principal Disjunctive Normal Form
In this section, we will discuss the concept of principal disjunctive normal form (PDNF).

Minterm: For a given number of variables, the minterm consists of conjunctions in which each
statement variable or its negation, but not both, appears only once.

Let P and Q be the two statement variables. Then there are 22 minterms givenby PAQ, P A =Q,

=P A Q, and =P A =Q.

Minterms for three variablesP,QandRare PAQAR,PAQA =R, PA-Q AR,PA -Q A =R,
-P

AQAR,-PAQA-R,-PA-=QARand =P A =Q A =R. From the truth tables of these minterms
of Pand Q, it is clear that

PAQ|PA-Q | -PAQ | -PA-Q

m M 4 H|TO
m 4 m 4|0
m T Mmoo
m T -
m - M
-4 T m m

(1). no two minterms are equivalent
(ii). Each minterm has the truth value T for exactly one combination of the truth values of
the variables P and Q.
Definition: For a given formula, an equivalent formula consisting of disjunctions of minterms only
is called the Principal disjunctive normal form of the formula.
The principle disjunctive normal formula is also called the sum-of-products canonical form.

Methods to obtain PDNF of a given formula

(a). By Truth table:

(1). Construct a truth table of the given formula.

(it). For every truth value T in the truth table of the given formula, select the minterm which
also has the value T for the same combination of the truth values of P and Q.

(iii). The disjunction of these minterms will then be equivalent to the given formula.

Example: Obtain the PDNF of P — Q.
Solution: From the truth table of P — Q

P|Q | P— QO | Minterm
PAQ

T(T
T|F| F P A=Q
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FIT| T ~PAQ
FIFE| T |=PA-Q

The PDNFof P> Qis(PAQ) V(=P A Q) V (=P A =Q).
“P>0© PAQV(-PAQ)V (=P A-Q).
Example: Obtain the PDNF for (P A Q) V (-P AR) V (Q AR).

Solution:
plolr|  Minerm | PAQ|“PAR|QAR| (PAQV(=PARV(QAR)
T|T|T| PAQAR T F T T
T|T|F| PAQA-R 1 7 F F T
T|F|T| PAQAR F F F F
T|F|p| PAQA-R F F F
FlT|T| "PAQAR 1 ¢ T T T
FIT|F| "PAQA-R | ¢ F F F
FIF|T| "PAQAR | ¢ T F T
FIF|F| PATQA-RT ¢ F F F

The PDNF of (P A Q) V (=P AR) V (Q AR) is
(PAQAR)V(PAQA=R)V(=PAQAR)V (=P A=QAR).

(b). Without constructing the truth table:

In order to obtain the principal disjunctive normal form of a given formula is constructed as
follows:

(2). First replace —, by their equivalent formula containing only A, vV and —.

(2). Next, negations are applied to the variables by De Morgan‘s laws followed by the application
of distributive laws.

(3). Any elementarily product which is a contradiction is dropped. Minterms are ob-tained in
the disjunctions by introducing the missing factors. Identical minterms appearing in the
disjunctions are deleted.

Example: Obtain the principal disjunctive normal form of

@-PvQ;®)(PAQ V(=PAR)V(QAR).
Solution:

(a) “PVQ& (-PAT)VQAT) [“AAToA]
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S (PAQV-Q)VQAPV-P)[-PV-PT]
& (-PAQ)V(-PA-Q)V(QAP)V(QA-P)
[“PA(QVR)& (PAQ)V (PAR)
S (-PAQV(-PA-QVPAQI[-PVP&P](b) (P
AQ)V (=P AR)V (Q AR)
S(PAQAT)V(=PARAT)V(QARAT)
SPAQARV-R)V(=PARAQV-Q)VQARAPV-P)
S PAQARV(PAQA-R)V (=P ARAQ)(=PARA-Q)
VQARAP)V(QARA=P)
& PAQAR)VIPAQA-R)V(=PAQAR)V (=P A-QAR)

PV(PAQ)& P

PVv(EPAQ) & PVAQ

Solution: We write the principal disjunctive normal form of each formula and com-pare these
normal forms.

@PV(PAQ & PAT)V(PAQ) [+PAQeP]
S PAQV-Q)V(PAQ) [+PV-P&oT]
S (PAQ)V (PA-Q))V (PAQ) [by distributive laws]

SPAQVPA-QI[-PVPeP]
which is the required PDNF.

Now, SPAT

< PAQ)V(PA-Q)
which is the required PDNF.

Hence, PV(PAQ) & P.
bB)PV(EPAQ) & (PAT)V(-PAQ)

= PAQV-Q)V(=PAQ)

S PAQV(PA-QV(=PAQ)
which is the required PDNF.
Now,

PVQe (PAT)V(QAT)
SPAQV-Q)VQAMPV-=P)
SPAQVEPA-QVQAP)V(QA=P)
S PAQVEPA-QV(-PAQ)
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which is the required PDNF.

Hence, PV(-PAQ)e PVQ.
Example: Obtain the principal disjunctive normal form of
P—((P A =(=QV =P)).
= ((P—> Q) A=(=Q ) (Nov. 2011)
Solution: Using P — Q & =P Vv Q and De Morgan‘s law, we obtain

= (P> Q) A~(-QV~P)) & P
V((-PVQAQAP))

& -PV({(-PAQAP)V(QAQAP)) &
~PVFV(PAQ)

& =PV (PAQ)

& (=PAT)V(PAQ)

= (=PAQV=-Q)V(PAQ)

< (PAQV(=PA=Q)V (PAQ)
Hence (P A Q) V (=P A Q) V (=P A =Q) is the required PDNF.

Principal Conjunctive Normal Form

The dual of a minterm is called a Maxterm. For a given number of variables, the maxterm consists of
disjunctions in which each variable or its negation, but not both, appears only once. Each of the
maxterm has the truth value F for exactly one com-bination of the truth values of the variables. Now
we define the principal conjunctive normal form.

For a given formula, an equivalent formula consisting of conjunctions of the max-terms only is known
as its principle conjunctive normal form. This normal form is also called the product-of-sums
canonical form.The method for obtaining the PCNF for a given formula is similar to the one described
previously for PDNF.

Example: Obtain the principal conjunctive normal form of the formula (~P—R)A(Q«P) Solution:
(=P —>R)A(Q < P)
S [-(=P)VRIAQ—-P)A(P—Q)]
S PVRIA[PQVP)A(=PVQ)]
S PVRVFE)A[FQVPVF)A(=PVQVEF)]
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S[PVR)VQA-QIA[-QVP)V(RA-RJA[=PVQ)VRA-R)]

S PVRVQAPVRV-Q)A(PV-QVR)A(PV-QV-R)
A(=PVQVR)A(=PVQV -R)

& (PVQVR)A(PV-QVR)A(PV-QV-R)A(=PVQVR)A(=PVQV -R)

which is required principal conjunctive normal form.

Note: If the principal disjunctive (conjunctive) normal form of a given formula A containing n
variables is known, then the principal disjunctive (conjunctive) normal form of —A will consist of the
disjunction (conjunction) of the remaining minterms (maxterms) which do not appear in the principal
disjunctive (conjunctive) normal form of A. From A & ——A one can obtain the principal conjunctive
(disjunctive) normal form of A by repeated applications of De Morgan‘s laws to the principal
disjunctive (conjunctive) normal form of —A.

Example: Find the PDNF form PCNF of S: PV (=P — (Q V (=Q — R))).
Solution:

SPV(EP—QV(~Q—R)

S PV (=(=P)V(QV(=(=Q) VR)
< PV(PVQV(QVR))
©PV{PVQVR)

<PVQVR
which is the PCNF.
Now PCNF of =S is the conjunction of remaining maxterms, so

PCNFof=-S:(PVQV-R)A(PV-QVR)A(PV-QV-R)A(=PVQVR)

AEPVQV-R)A(-PV-QVR)A(=PV-=QV -R)
Hence the PDNF of S is

—“(PCNFof =S) : ("PA-QAR)V(-PAQA-R)V(-PAQAR)V (PA-QA-R)
V(IPA-QAR)V(IPAQA-R)V(PAQAR)

Theory of Inference for Statement Calculus

Definition: The main aim of logic is to provide rules of inference to infer a conclusion from certain
premises. The theory associated with rules of inference is known as inference theory .

Definition: If a conclusion is derived from a set of premises by using the accepted rules of reasoning,
then such a process of derivation is called a deduction or a formal proof and the argument is called a
valid argument or conclusion is called a valid conclusion.

Note: Premises means set of assumptions, axioms, hypothesis.

Definition: Let A and B be two statement formulas. We say that IB logically follows from Al or
IB is a valid conclusion (consequence) of the premise Al iff 4 — B is a tautology, that is A = B.
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We say that from a set of premises {Hz, Hz, - - -, Hm}, a conclusion C follows logically iff

HiAH2A...AHn=>C
(1)

25



Note: To determine whether the conclusion logically follows from the given premises, we use the
following methods:

* Truth table method

» Without constructing truth table method.

Validity Using Truth Tables

Given a set of premises and a conclusion, it is possible to determine whether the conclusion
logically follows from the given premises by constructing truth tables as follows.

Let P1, P2, - - -, Pn be all the atomic variables appearing in the premises H1, H2, - - -, Hm and
in the conclusion C. If all possible combinations of truth values are assigned to P1, P2, - - -, Pnand if
the truth values of H1, H2, ..., Hm and C are entered in a table. We look for the rows in which all Hz,
H2, - - -, Hm have the value T. If, for every such row, C also has the value T, then (1) holds. That is,
the conclusion follows logically.

Alternatively, we look for the rows on which C has the value F. If, in every such row, at
least one of the values of H1, H2, - - -, Hm is F, then (1) also holds. We call such a method a

_truth table technique‘ for the determination of the validity of a conclusion.

Example: Determine whether the conclusion C follows logically from the premises

H1 and H2.

@H1:P—>Q H2:P C:Q
(b)H1:P—>Q H2:=-P C:Q
()H1:P—Q H2:-(PAQ) C:-P
(d)H1: =P H2:P Q C:=(PAQ)

eH1:P—>Q H2:Q C:P
Solution: We first construct the appropriate truth table, as shown in table.

Plolrool|-p| " PAQ | p g
Tt v [F F T
TIF| F | F T F
FlT] 7 |7 T F
FIF] T |7 T T

(a) We observe that the first row is the only row in which both the premises have the value T .
The conclusion also has the value T in that row. Hence it is valid.
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In (b) the third and fourth rows, the conclusion Q is true only in the third row, but not in the fourth,
and hence the conclusion is not valid.
Similarly, we can show that the conclusions are valid in (c) and (d) but not in (e).

Rules of Inference
The following are two important rules of inferences.
Rule P: A premise may be introduced at any point in the derivation.

Rule T: A formula S may be introduced in a derivation if S is tautologically implied by
one or more of the preceding formulas in the derivation.

Implication Formulas
I1:PAQ=>P (simplification)

2:PAQ=>0Q
3:P=PVQ
14:Q=>PVQ
I5:-P=>P—0
6:Q=>P—Q
17:-(P—>Q)=>P
18: =(P — Q) = =Q

19:P,Q=>PAQ
| :

10 =P,PVQ=0Q (disjunctive syllogism)
I

n:P,P->0=0Q (modus ponens)
I

12:. 70, P> Q= -P (modus tollens)

| 3:P>0 0—>R=>P—R (hypothetical syllogism) |
14:PVQ,P—>R Q—R=>R (dilemma)
Example: Demonstrate that R is a valid inference from the premisesP — Q, Q — R,and P ..
Solution:

{1} QP—-Q Rule P
{2} ()P Rule P,
{1, 2} 3)Q Rule T, (1), (2), and 113
{4} 4)Q0—R Rule P
{1, 2,4} B)R Rule T, (3), (4), and 113

Hence the result.
Example: Show that RVS follows logically from the premises C vD, (C VD) —» —~H, ~H — (A A
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-B),and (AA-B) - (RVYS).
Solution:

{1} (l)(CvD)——~H Rule P
{2} (2) ~H— (A A-B) Rule P
{1, 2} (3) (CvD)— (AA-B) Rule T, (1), (2), and 113
{4} 4 AA-B)—>(RVYS) Rule P
{1, 2, 4} B)(CvD)—(RVYS) Rule T, (3), (4), and 113
{6} 6)CvD Rule P

{1, 2, 4, 6} (MRVS

Hence the result.

Rule T, (5), (6), and 111

Example: Show that S VR is tautologically implied by (P VQ)A(P — R)A(Q — S).

Solution:

{1} MHPVQ
{1} (2-P—-0
{3} ®o—-s
{1,3} 4)-P—>S
{1, 3} B5)~S—P
{6} 6)P—R
{1, 3, 6} (7)~S—R

{1,3,6} (8) SVR

Hence the result.

Rule P

RuleT,())P—>Q& -PVQ
Rule P

Rule T, (2), (3), and 113
RuleT,(4),P>Q& -Q— —P
Rule P

Rule T, (5), (6), and 113

Rule T, (7)andP - Q& =PV Q

Example: Show that R A (P v Q) is a valid conclusion from the premises P Vv Q,

QO — R, P — M, and =M.

Solution:

{1} 1 P-M
{2} (2) -M

{1, 2} 3) -P

{4} 4 PvQ

{1.2,44 (B Q

Rule P
Rule P

Rule T, (1), (2), and 112
Rule P
Rule T, (3), (4), and 110
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{6} 6 o0-R Rule P
{1246 () R Rule T, (5), (6), and 111

{1,2,4,6} (8 RA(PVQ) Rule T, (4), (7) and I9
Hence the result.

Example: Show 112 : =Q,P - Q = —P.

Solution:

{1} 1HP—-0 Rule P

{1} 2 ~Q— —P Rule T, (1),andP - Q & -Q — —P
{3} (3) -Q Rule P

{1, 3} 4) =P Rule T, (2), (3), and 111

Hence the result.
Example: Test the validity of the following argument:

ITf you work hard, you will pass the exam. You did not pass. Therefore, you did not work
hardl.

Example: Test the validity of the following statements:
ITf Sachin hits a century, then he gets a free car. Sachin does not get a free car.

Therefore, Sachin has not hit a centuryl.

Rules of Conditional Proof or Deduction Theorem

We shall now introduce a third inference rule, known as CP or rule of conditional proof. Rule

CP: If we can derive S from R and a set of premises, then we can derive R — S from the set of

premises alone.

Rule CP is not new for our purpose her because it follows from the equivalence
(PAR)-»SeP—-(R—YS)

Let P denote the conjunction of the set of premises and let R be any formula. The above
equivalence states that if R is included as an additional premise and S is derived from P A R, then
R — S can be derived from the premises P alone.

Rule CP is also called the deduction theorem and is generally used if the conclu-sion of the form
R — S. In such cases, R is taken as an additional premise and S is derived from the given premises
and R.

Example: Show that R — S can be derived from the premises P — (Q — S), =RV P, and Q.

(Nov. 2011)
Solution: Instead of deriving R — S, we shall include R as an additional premise and show S first.
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{1} (1)-RVP Rule P

{2} 2R Rule P (assumed premise)
{1, 2} 3P Rule T, (1), (2), and 110
{4} AHP—-(Q—9) Rule P

{1, 2, 4} G)o—S Rule T, (3), (4), and 111
{6} (6) Q Rule P

{1,2,4,6} (7) S Rule T, (5), (6), and I11
{1,2,4,6} (8) R—S Rule CP

Example: Show that P — S can be derived from the premises =P v Q, -Q VR,and R — S.
Solution: We include P as an additional premise and derive S.

{1} (1)-PVvQ Rule P

{2} 2 P Rule P (assumed premise)
{1, 2} 3) Q Rule T, (1), (2), and 110
{4} 4) -QVR Rule P

{1, 2, 4} 5) R Rule T, (3), (4), and 110
{6} 6) R—S Rule P

{1,2,4,6} (7) S Rule T, (5), (6), and I11
{1,2,46}y (8 p—sS Rule CP

Example: _If there was a ball game, then traveling was difficult. If they arrived on time, then
traveling was not difficult. They arrived on time. Therefore, there was no ball game*. Show that
these statements constitute a valid argument. Solution: Let us indicate the statements as follows:

P : There was a ball game.

Q: Traveling was difficult.

R: They arrived on time.

Hence, the given premises are P — Q, R — —(Q, and R. The conclusion is =P .

{1} 1R—-—0 Rule P

{2} 2R Rule P

{1, 2} (3) -Q Rule T, (1), (2), and I11

{4} 4P—-0Q Rule P

{4} (5) Q0 — —P Rule T, (4),andP - Q & -Q —» —P
{1, 2, 4} (6) =P Rule T, (3), (5), and I11

Example: By using the method of derivation, show that following statements con-stitute a valid
argument: IIf A works hard, then either B or C will enjoy. If B enjoys, then A will not work hard.
If D enjoys, then C will not. Therefore, if A works hard, D will not enjoy.
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Solution: Let us indicate statements as follows:

Given premises are P — (QVR), Q — —P, and S — —R. The conclusion is P — —S.
We include P as an additional premise and derive —S.

{1} QP Rule P (additional premise)

{2} 2)P—-> (QVR) Rule P

{1, 2} 3)QVR Rule T, (1), (2), and 111

{1, 2} 4 -0—R RuleT,(3)andP > Q& PVQ

{1, 2} 6)R—Q Rule T, (4),andP > Q & -Q — —P
{6} 6) 9 — —P Rule P

{1, 2, 6} (7)~R— —P Rule T, (5), (6), and 113

{1, 2, 6} B P—R Rule T, (7)andP - Q & -Q —» —P
{9} 9 S——R Rule P

{9} (10 R— =S Rule T, (9)andP > Q & =Q — —P
{1,2,6,9} (11)P——S Rule T, (8), (10) and 113

{1,2,6,9} (12)-S Rule T, (1), (11) and 111

Example: Determine the validity of the following arguments using propositional logic:
ISmoking is healthy. If smoking is healthy, then cigarettes are prescribed by physi- cians.

Therefore, cigarettes are prescribed by physiciansl. (May-2012) Solution: Let us indicate
the statements as follows:

P : Smoking is healthy.
Q: Cigarettes are prescribed by physicians.

Hence, the given premises are P , P — Q. The conclusion is Q.

n (1) P—0 Rule P
{2} (2P Rule P
L2 3)Q Rule T, (1), (2), and 111

Hence, the given statements constitute a valid argument.

Consistency of Premises
A set of formulas H1, H2, - - -, Hm is said to be consistent if their conjunction has the truth value T

for some assignment of the truth values to the atomic variables appearing in H1, H2,

-, Hm.
If, for every assignment of the truth values to the atomic variables, at least one of the

formulas H1, H2, - - -, Hm is false, so that their conjunction is identically false, then the formulas
H1, H2, - - -, Hm are called inconsistent.

Alternatively, a set of formulas H1, H2, - - -, Hm is inconsistent if their conjunction implies a
contradiction, that is,
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where R is

HIAH2A---AHm=RA-R

any formula.

Example: Show that the following premises are inconsistent:
(1). If Jack misses many classes through illness, then he fails high school.
(2). If Jack fails high school, then he is uneducated.
(3). If Jack reads a lot of books, then he is not uneducated.
(4). Jack misses many classes through illness and reads a lot of books.
Solution: Let us indicate the statements as follows:
E: Jack misses many classes through illness.

S: Jack fails high school.

A: Jack reads a lot of books. H:

Jack is uneducated.

The premisesareE —S,S—H,A— —~H,and E A A.

{1}

{2}
{1,2}
{4}

{4}
{1,2,4}
{1,2,4}
{1,2,4}

{9}
{1,2,4,9

QE-S
2S—H
RE—-H
4)A4—-—-H
B5)H— —4
(6) E— —4
(7) =E V —A
(8) ~(EAA)
9EAA

(10) ~(E A A) A (E A A)

Rule P
Rule P

Rule T, (1), (2), and 113

Rule P

Rule T, (4),andP - Q & -Q — —P
Rule T, (3), (5), and 113

Rule T, (6)andP - Q& -PVvQ
Rule T, (7),and =(P A Q) & =P Vv =Q

Rule P
Rule T, (8), (9) and I9

Thus, the given set of premises leads to a contradiction and hence it is inconsistent.
Example: Show that the following set of premises is inconsistent: IIf the contract is valid, then
John is liable for penalty. If John is liable for penalty, he will go bankrupt. If the bank will loan
him money, he will not go bankrupt. As a matter of fact, the contract is valid, and the bank will

loan him money.|

Solution: Let us indicate the statements as follows:

{1}
{2}
{1, 2}
{4}

V : The contract is valid.

L: John is liable for penalty.

M: Bank will loan him money.

B: John will go bankrupt.
QD V—-L
2L—B
) V—B
4 M— —B

Rule P
Rule P

Rule T, (1), (2), and 113
Rule P
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{4} G)YM——M Rule T, (4),andP - Q & -Q — —P

{1, 2, 4} 6)V——-M Rule T, (3), (5), and 113

{1, 2, 4} (7)=VvVv-M Rule T, (6)andP - Q & -PVQ

{1, 2, 4} 8) °(VAM) Rule T, (7),and =(P A Q) & =P Vv =Q
{9} Q) VAM Rule P

{1,2,4,9}y (10)=(VAM)A(VAM)RuleT,(8),(9)andl9
Thus, the given set of premises leads to a contradiction and hence it is inconsistent.

Indirect Method of Proof

The method of using the rule of conditional proof and the notion of an inconsistent set
of premises is called the indirect method of proof or proof by contradiction.

In order to show that a conclusion C follows logically from the premises H1, H2, - - -, Hm,
we assume that C is false and consider —C as an additional premise. If the new set of premises is
inconsistent, so that they imply a contradiction. Therefore, the assump-tion that —C is true does
not hold.

Hence, C is true whenever H1, H2, - - -, Hm are true. Thus, C follows logically from the
premises H1, H2, - - -, Hm.
Example: Show that =(P A Q) follows from =P A =Q.

Solution: We introduce ——(P AQ) as additional premise and show that this additional premise leads
to a contradiction.

{1} (1) ==(PAQ) Rule P (assumed)

{1} (2)PAQ Rule T, (1), and =——P & P
{1} 3)P Rule T, (2), and I1

{4} (4) -P A-Q Rule P

{4} (5) =P Rule T, (4), and I1

{1, 4} (6) P A =P Rule T, (3), (5), and I9

Hence, our assumption is wrong.
Thus, =(P A Q) follows from =P A =Q.

Example: Using the indirect method of proof, show that

P—-Q O0—R ~(PAR),PVR=>R.
Solution: We include =R as an additional premise. Then we show that this leads to a contradiction.

{1} LQP-Q Rule P
{2} 2 0—R Rule P
L2 3)P— R Rule T, (1), (2), and 113
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{4} (4) -R Rule P (assumed)

{1, 2, 4} (5)-P Rule T, (4), and 112
{6} 6)PVR Rule P

{1,2,4,6} (IR Rule T, (5), (6) and I10
{1,2,4,6} (B)RA-R Rule T, (4), (7), and 19

Hence, our assumption is wrong.

Example: Show that the following set of premises are inconsistent, using proof by contradiction

P—-(QVR),Q0— P, S— R P=>P— 5.
Solution: We include —(P — —S) as an additional premise. Then we show that this leads to a
contradiction.

—|(P—> —'S) = —l(—IPV—IS) S PAS

{1} (1)P—-(QVR) Rule P

{2} (2)P Rule P

{1, 2} 3)QVR Rule T, (1), (2), and Modus Ponens
{4} (4)PAS Rule P (assumed)

{1,2, 4} (5) S Rule T, (4),andPAQ =P

{6} (6) S— —R Rule P

{1,2,4,6} (7) =R Rule T, (5), (6) and Modus Ponens
{1,2,4,6} (8) Q Rule T, (3), (7),andPAQ,-Q=P
{9} 9 0——P Rule P

{1,2,4,6} (10)-P Rule T, (8), (9),andPAQ,-Q =P
{1,2,4,6} (11)PA-=P Rule T, (2), (10),andP,Q=PAQ
{1,2,4,6} (12)F Rule T, (11),andPA-P & F

Hence, it is proved that the given premises are inconsistent.

The Predicate Calculus

Predicate
A part of a declarative sentence describing the properties of an object is called a predicate.
The logic based upon the analysis of predicate in any statement is called predicate logic.
Consider two statements:

John is a bachelor

Smith is a bachelor.
In each statement lis a bachelorl is a predicate. Both John and Smith have the same property
of being a bachelor. In the statement logic, we require two different symbols to express
them and these symbols do not reveal the common property of these statements.
In predicate calculus these statements can be replaced by a single statement IX is a
bachelorl. A predicate is symbolized by a capital letters which is followed by the list of
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variables. The list of variables is enclosed in parenthesis. If P stands for the predicate lis a
bachelorl, then P (X) stands for Ix is a bachelorl,where X is a predicate variable.

“The domain for P (x) : x is a bachelor, can be taken as the set of all human names.
Note that P (x) is not a statement, but just an expression. Once a value is assigned to x, P
(x) becomes a statement and has the truth value. If x is Ram, then P (x) is a statement and
its truth value is true.

Quantifiers

Quantifiers: Quantifiers are words that are refer to quantities such as ‘some‘ or ‘all‘.
Universal Quantifier: The phrase ‘forall* (denoted by V) is called the universal quantifier.
For example, consider the sentence |All human beings are mortall.

Let P (x) denote ‘X is a mortal®.
Then, the above sentence can be written as
(Vx € S)P (x) or VxP (X)
where S denote the set of all human beings.

Vx represents each of the following phrases, since they have essentially the same for all x
For every x For each x.

Existential Quantifier: The phrase ‘there exists® (denoted by 3) is called the exis-tential quantifier.

For example, consider the sentence

IThere exists X such that X2 = 5. This
sentence can be written as

(3x € R)P (x) or (3IX)P (x),

where P (X) : x2 =5,
Ax represents each of the following phrases
There exists an x
There is an x
For some x
There is at least one x.

Example: Write the following statements in symbolic form:
(). Something is good
(i1). Everything is good (iii).
Nothing is good
(iv). Something is not good.
Solution: Statement (i) means IThere is atleast one X such that, X is goodl.
Statement (ii) means IForall X, X is goodl.
Statement (ii1) means, [Forall X, X is not goodl.
Statement (iv) means, IThere is atleast one X such that, x is not good.
Thus, if G(x) : x is good, then statement (i)

can be denoted by (Ix)G(x) statement (ii) can be
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denoted by (Vx)G(x) statement (iii) can be denoted
by (Vx)~G(x) statement (iv) can be denoted by
(3x)-G(x). Example: Let K(X) : x is a man
L(x) : x is mortal
M(X) : x is an integer
N(x) : x either positive or negative Express
the following using quantifiers:
* All men are mortal
» Any integer is either positive or negative.

Solution: (a) The given statement can be written as for all x, if x is a man,
then x is mortal and this can be expressed as

()(K(X) — L(x)).
(b) The given statement can be written as for all x, if x is an integer, then x is either
positive or negative and this can be expressed as (x)(M(x) — N(x)).

Free and Bound Variables

Given a formula containing a part of the form (x)P (x) or (3x)P (x), such a part is called an
x-bound part of the formula. Any occurrence of x in an x-bound part of the formula is called
a bound occurrence of x, while any occurrence of x or of any variable that is not a bound
occurrence is called a free occurrence. The smallest formula immediately following (VX)
or (3x) is called the scope of the quantifier. Consider the following formulas:

* (P (xY)

© (P X — Q)

* (P X)) — EYRX Y))

* (P (x) = RX) V ()(RX) — QX))
© (@)(P X)) AQX)

© (@P () AQMX).

In (1), P (x, y) is the scope of the quantifier, and occurrence of x is bound occurrence,
while the occurrence of y is free occurrence.

In (2), the scope of the universal quantifier is P (x) — Q(x), and all concrescences of x are
bound.

In (3), the scope of (x) is P (xX) — (Fy)R(X, y), while the scope of (3y) is R(x, y). All
occurrences of both x and y are bound occurrences.

In (4), the scope of the first quantifier is P (xX) — R(x) and the scope of the second is R(x)
— O(x). All occurrences of x are bound occurrences.

In (5), the scope (3x) is P (x) A Q(X).

In (6), the scope of (3x) is P (x) and the last of occurrence of x in Q(X) is free.
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Negations of Quantified Statements
(). ~(x)P (x) & (3x)-P (x)

(ii). =(@3P (x) & (X)(=P (x)).
Example: Let P (x) denote the statement IX is a professional athletel and let Q(X) denote the
statement Ix plays soccerl. The domain is the set of all people. (a). Write each of the
following proposition in English.
* (P (x)— QKX)
* (@)(P () A QX))
* (P ) V()
(b). Write the negation of each of the above propositions, both in symbols and in words.
Solution:
(@). (i). For all x, if x is an professional athlete then x plays soccer.
IAll professional athletes plays soccerl or IEvery professional athlete plays soccerl.
(if). There exists an x such that x is a professional athlete and x plays soccer.
ISome professional athletes paly soccerl.
(iii). For all x, x is a professional athlete or x plays soccer.
IEvery person is either professional athlete or plays soccerl.

(b). (i). In symbol: We know that
()P (x) = O(x)) & (3X)=(P (x) = O(x)) & (FX)~(=(P (x)) V Q(X))
< (@)(P (x) A =Q(x))

There exists an x such that, x is a professional athlete and x does not paly soccer.
In words: ISome professional athlete do not play soccerl.

(i)). =(3N)(P (x) A QX)) & (X)(=P (x) V =Q(x))
In words: IEvery people is neither a professional athlete nor plays soccerl or All people
either not a professional athlete or do not play soccerl.

(iii). = (X)(P (x) V Q(X)) & (@X)(=P (x) A =7Q(x)). In words: ISome people

are not professional athlete or do not paly soccerl.

Inference Theory of the Predicate Calculus

To understand the inference theory of predicate calculus, it is important to be famil-iar with
the following rules:
Rule US: Universal specification or instaniation

()AKX) = A(y)
From (x)A(x), one can conclude A(y).
Rule ES: Existential specification (Ix)A(x)
= A(y)

From (3x)A(X), one can conclude A(y).
Rule EG: Existential generalization

A(X) = 3Y)A(Y)

From A(x), one can conclude (3y)A(y).
Rule UG: Universal generalization

37



AX) = (V)A(Y)
From A(x), one can conclude (y)A(y).

Equivalence formulas:
E31: (AX)[A(X) V B(X)] & (AX)A(X) V (IX)B(X)
E32: (X)[AX) A B(X)] & (X)A(X) A (X)B(x)
E33: =(AX)A(X) & (X)-A(X)
E34: =(X)A(X) & (IX)-A(X)
E35: (X)(AVB(X)) © AV (X)B(X)
E36 : (AX)(A A B(X)) © A A (3X)B(X)
E37: X)A(X) —» B & (X)(A(X) — B)
E38: (AX)A(X) — B © (X)(A(X) — B)

E39:4 — (X)B(X) & (X)(4 — B(X))
E40: 4 — (AX)B(X) & (IX)(4 — B(X)) E41:

(@A) = B(x)) = ()AX) — (IX)B(X)
E42 : (AX)A(X) — (X)B(X) © (X)(A(X) — B(X)).

Example: Verify the validity of the following arguments:
IAIl men are mortal. Socrates is a man. Therefore, Socrates is mortall. or
Show that (X)[H(x) — M(X)] A H(s) = M(s).
Solution: Let us represent the statements as follows:
H(x) : x isaman
M(X) : x is @ mortal
S : Socrates

Thus, we have to show that (X)[H(x) — M(x)] A H(s) = M(s).

{1} (1) HK) — MX)] Rule P

{1} (2) H(s) — M(s) Rule US, (1)

{3} (3) H(s) Rule P

{1, 3} (4) M(s) Rule T, (2), (3), and I11

Example: Establish the validity of the following argument:|All integers are ratio-nal numbers. Some
integers are powers of 2. Therefore, some rational numbers are powers of 2I.

Solution: Let P (x) : x is an integer
R(X) : x is rational number
S(x) : x is a power of 2

Hence, the given statements becomes
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()P (x) = R(X)), @)(P (x) A S(X)) = (IX)(R(X) A S(x))

Solution:

m (1) @X)(P (x) A S(x))
{1} (2) P (y) AS(Y)

{1} )P (y)

{1} (4) S(y)

{5} (5) ()P (x) = R(x))
{5} (6) P (y) — R()

{1, 5} () R(y)
{1, 5} (8) R(y) A S(y)
{1, 5} (9) @R A S(X))

Hence, the given statement is valid.

Rule P
Rule ES, (1)

RuleT,(2 andPAQ=P
RuleT,(2)andPAQ=0Q

Rule P

Rule US, (5)

Rule T, (3),(6)and P,P - Q=0Q
Rule T, (4), (7)andP,Q =P AQ
Rule EG, (8)

Example: Show that (X)(P (x) — Q(X)) A (X)(Q(X) — R(x)) = (X)(P (x) — R(x)).

Solution:
{1} (1) (P (x) = QX))
{1} (2) P (y) = O®y)
{3} (3) ()(QX) — R(x))
{3} (4) Q(y) — R(Y)
{1, 3} (5) P (y) = R(y)

{1, 3} (6) (P (x) — R(x))

Rule P

Rule US, (1)

Rule P

Rule US, (3)

Rule T, (2), (4), and 113
Rule UG, (5)

Example: Show that (3x)M(x) follows logically from the premises

(X)(H(X) — M(x)) and (IX)H(x).

Solution:

{1} (1) (3X)H(X)

{1} (2) H(y)

{3} (3) ()(HX) — M(x))
{3} (4) H(y) — M(y)

{1, 3} (5) M(y)
{1, 3} (6) @3)M(x)

Hence, the result.

Rule P

Rule ES, (1)

Rule P

Rule US, (3)

Rule T, (2), (4), and I11
Rule EG, (5)

Example: Show that (3X)[P (x) A Q(X)] = (IX)P (X) A (IX)Q(X).

Solution:
{1} (1) @X)(P (x) A Q(x))
{1} (2) P (y) A Q(y)
{1} )P ()

Rule P
Rule ES, (1)

Rule T, (2), and 11
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{1}
{1}
{1}
{1}

(4) @X)P (x) Rule EG, (3)

(5) Q(y) Rule T, (2), and I2
(6) (IX)Q(X) Rule EG, (5)
(7) @X)P (X) A (3X)Q(X) Rule T, (4), (5) and I9

Hence, the result.
Note: Is the converse true?

{1}
{1}
{1}
{1}
{1}

Here in step (4), y is fixed, and it is not possible to use that variable again in step (5). Hence,

(1) @P (x) A (3)Q(X) R

ule P
(2) @X)P (x) Rule T, (1) and 11
(3) (AX)Q(X) Rule T, (1), and I1
@D Py Rule ES, (2)
(5) Q) Rule ES, (3)

the converse is not true.

Example: Show that from (3x)[F (x) AS(X)] — (Y)[M(y) — W (y)] and (3y)[M(y) A =W (y)] the
conclusion (X)[F (x) — —S(x)] follows.

{1}
{1}
{1}
{1}
{1}
{1}
{1, 6}
{1, 6}
{1, 6}
{1, 6}

{1, 6}
{1, 6}

(1) @NIMY) A =W ()] Rule P
(2) [M(2) A =W (2)] Rule ES, (1)
(3) =[M(2) - W (2)] Rule T, (2),and =(P - Q) © P A =Q
(4) Qy)~I[M(y) = W (y)] Rule EG, (3)
(5) =(Y)[M(y) = W (y)] Rule T, (4), and =(X)A(x) © (Ix)-A(X)
(6) (@IF (x) A S()] — (V)IM(y) — W (y)]Rule P
(7) =(3X[F (x) A S(X)] Rule T, (5), (6) and 112
(8) (X)~[F (x)AS(X)] Rule T, (7), and =(X)A(X) & (Ix)-A(X)
(9) =[F (2) A S(2)] Rule US, (8)
(10) =F () v =S(2) Rule T, (9), and De Morgan‘s laws
(11) F (2) — —S(z) Rule T, (10),andP - Q& =PV Q
(12) ()(F (x) = =S(x)) Rule UG, (11)

Hence, the result.
Example: Show that (X)(P (x) V Q(x)) = (X)P (X) vV (3x)Q(X). (May. 2012)

Solution: We shall use the indirect method of proof by assuming =((x)P (x)Vv(3x)Q(x)) as an
additional premise.

{1}
{1}

(1) =((X)P (x) vV (3X)Q(X)) Rule P (assumed)
(2) ~(X)P () A =(AX)Q(X) RuleT, (1) -(PVv Q) & =P A-Q
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{1}
{1}
{1}
{1}
{1}
{1}
{1}
{1}
{11}
{11}

(3) ~(x)P (x) Rule T, (2), and I1

(4) (AX)=P (x) Rule T, (3), and =(X)A(X) & (Ix)=A(X)
(5) =(3IX)Q(X) Rule T, (2), and I2

(6) (x)~Q(x) Rule T, (5), and =(3X)A(X) & (X)~A(X)
(7) =P (y) Rule ES, (5), (6) and 112

(8) =Q(y) Rule US, (6)

(9) =P (y) A =Q(y) Rule T, (7), (8)and 19

(10) =(P (y) vV Q(y)) Rule T, (9), and =(P vV Q) & =P A =Q
(12) (x)(P (x) v Q(x)) Rule P

(12) (P (y) v Q(y)) Rule US

{1, 11} (13) =(P (y) v Q) A (P (¥) vV Q(Y)) Rule T, (10), (11), and I9

{1,11} (4 F Rule T, and (13)
which is a contradiction.Hence, the statement is valid.

Example: Using predicate logic, prove the validity of the following argument: |[Every
husband argues with his wife. x is a husband. Therefore, x argues with his wifel.

Solution: Let P (x): x is a husband.

Q(x): x argues with his wife.

Thus, we have to show that (X)[P (X) — Q(X)] A P (x) = Q(y).

{1}
{1}
{1}
{1}

(1) (P (x) — Qx)) Rule P

(2) P (y) — O(Y) Rule US, (1)

Q)P (y) Rule P

(4) Q(y) Rule T, (2), (3), and 111

Example: Prove using rules of inference

Duke is a Labrador retriever.
All Labrador retriever like to swim.
Therefore Duke likes to swim.

Solution: We denote

L(x): x is a Labrador retriever.

S(x): x likes to swim. d: Duke.

We need to show that L(d) A (X)(L(x) — S(x)) = S(d).

{1}
{1}
{2}

(1) (X)(L(X) — S(X)) Rule P
() L(d) — S(d) Rule US, (1)
(3) L(d) Rule P
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1,2} (4)S(d) Rule T, (2), (3), and I11.

JNTUK Previous questions

1. Test the Validity of the Following argument: —All dogs are barking. Some animals are
dogs. Therefore, some animals are barkingl.

2. Test the Validity of the Following argument:
—Some cats are animals. Some dogs are animals. Therefore, some cats are dogsl.

3. Symbolizes and prove the validity of the following arguments : (i) Himalaya is large.
Therefore every thing is large.
(if) Not every thing is edible. Therefore nothing is edible.

4. a)Find the PCNF of (~p<r) A(qep) ?
b) Explain in brief about duality Law?

¢) Construct the Truth table for ~(~p~~q)?
d) Find the disjunctive Normal form of ~(p — (g”r)) ?

Define Well Formed Formula? Explain about Tautology with example?
Explain in detail about the Logical Connectives with Examples?
Obtain the principal conjunctive normal form of the formula (; P>R)A(Q<P)
Prove that (Ox)P(x)0Q(x) — (Ox)P(x)O(Ox)Q(x). Does the converse hold? 9. Show that from i)
(Ox)(F(x) 0O0S(x)) OO(y)(M(y) OOW(y))
i) (Oy) (M(y) O04 W(y)) the conclusion (x)(F(x) O04 S(x)) follows.

© NG

10. Obtain the principal disjunctive and conjunctive normal forms of (P O(QORY)) O(y PO(y Q04 R)). Is
this formula a tautology?

11. Prove that the following argument is valid: No Mathematicians are fools. No one who is not a fool is
an administrator. Sitha is a mathematician. Therefore Sitha is not an administrator.

12. Test the Validity of the Following argument: If you work hard, you will pass the exam. You did not
pass. Therefore you did not work hard.

13. Without constructing the Truth Table prove that (p0q)O0g=pvq?

14. Using normal forms, show that the formula QO(PO4 Q)0( 4 PO Q) is a tautology.

15. Show that (x) (P(x) OO0Q(x)) O (x)P(x) OO(Ox)Q(x)

16. Show that - (POQ) 00( 4 PO( 4 POQ)) 00(4 POQ)

(POQ)O( 7 PO( 4 POQ)) OO( POQ)

17. Prove that (Ox) (P(x) OOQ(x)) O(Ox)P(x) OO(Ox)Q(X)

18. Example: Prove or disprove the validity of the following arguments using the rules of
inference. (i) All men are fallible (ii) All kings are men (iii) Therefore, all kings are
fallible.

19. Test the Validity of the Following argument:

—Lions are dangerous animals, there are lions, and therefore there are dangerous
animals.|

MULTIPLE CHOICE QUESTIONS

1: Which of the following propositions is tautology?
A(pvqg)—q B. p Vv (g—p) Cpv(p—q) D.Both(b)&(c)
Option: C
2: Which of the proposition is p* (~p v q) is
A.A tautology B.A contradiction C.Logically equivalent to p ~ q D.All of above Option: C
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3: Which of the following is/are tautology?

Aavb—-b*c Ba*b—-bvc C.avb — (b— c)D.None of these Option: B

4: Logical expression (A*B) - (C'*A) > (A=1)is
A.Contradiction B.Valid C.Well-formed formula D.None of these
Option: D

5: Identify the valid conclusion from the premises Pv Q,Q - R, P - M, IM

APA"RVR)B.PAP"R) CRANPVQ)DQ"PVR)

Option: D

6: Leta, b, ¢, d be propositions. Assume that the equivalence a < (b v 1b) and b < ¢ hold. Then
truth value of the formula (a * b) — ((a * ¢) v d) is always
A.-True B.False C.Same as the truth value ofa D.Same as the truth value of b
Option: A

7: Which of the following is a declarative statement?

A. It's right B. He says C.Two may not be an even integer D.l love you Option: B

8: P - (Q — R) is equivalent to

A.(P*Q)—-R B.(PvQ)— RC.(PvQ)— IR D.None of these Option: A

9: Which of the following are tautologies?
A(PvQ"*"Q)«<Q B(PvQ)*"1P)—>Q C.(PvQ)"P)—P D.Both(a) & (b)
Option: D

10: If F1, F2 and F3 are propositional formulae such that F1 # F2 — F3 and F1 * F2—F3 are both
tautologies, then which of the following is TRUE?

A.Both F1 and F2 are tautologies B.The conjuction F1 ~ F2 is not satisfiable
C.Neither is tautologies D.None of these
Option: B

11. Consider two well-formed formulas in propositional logic
F1:P —>TP F2: (P —1P) v ( 1P —) Which of the following statement is correct?
A.F1 is satisfiable, F2 is unsatisfiable B.F1 is unsatisfiable, F2 is satisfiable
C.F1is unsatisfiable, F2 is valid D.F1 & F2 are both satisfiable
Option: C
12: What can we correctly say about proposition P1: (pv 1g) * (9 —r) v (rv p)
A.P1 is tautology B.P1 is satisfiable
C.If pis true and q is false and r is false, the P1 is true
D.If p as true and q is true and r is false, then P1 is true

Option: C

13: (Pv Q)" (P — R )" (Q —S)is equivalent to
ASA”R BS—>R CSvR D.All of above
Option: C

14: The functionally complete set is
A{1l, "NV} B.{l,"}C.{1} D.None of these
Option: C

15: (P v Q)" (P—R) " (Q — R) is equivalent to
AP BQ C.R D.True=T

Option: C
16: 1(P — Q) is equivalent to
APMNQ BP"QC.IPVQ D.None of these
Option: A
17: In propositional logic , which of the following is equivalent to p — q?
A~p—q B~pvq C~pv~q D.p —q
Option: B

18: Which of the following is FALSE? Read * as And, v as OR, ~as NOT, —as one way implication
and < as two way implication?
A.((x — y)" x) -y B.(~x-y)* (~x*~y))=y  C.x—(xVvy))D.((xVy) =(~xV~y))
Option: D
19: Which of the following well-formed formula(s) are valid?
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A(P—-QMQ—R))— (P—>R) B.(P — Q) —(1P — 1Q)

C.Pv(IPv1Q))—P D.((P—-R)v(Q—R))— (PvQ}—R) Option:
A
20: Let p and q be propositions. Using only the truth table decide whether p «» q does not imply p
—1gis
A.True B.False C.None D.Both Aand B
Option: A

UNIT-2
Set Theory

Set:A set is collection of well defined objects.

In the above definition the words set and collection for all practical purposes are Synonymous. We have really
used the word set to define itself.

Each of the objects in the set is called a member of an element of the set. The objects themselves can be almost
anything. Books, cities, numbers, animals, flowers, etc. Elements of a set are usually denoted by lower-case
letters. While sets are denoted by capital letters of English larguage.

The symbol € indicates the membership in a set.

If —a is an element of the set Al, then we write a € A.

The symbol € is read —is a member of | or —is an element of I.

The symbol O is used to indicate that an object is not in the given set.

The symbol O is read —is not a member of | or —is not an element of

I. If x is not an element of the set A then we write x 0 A.  Subset:

A set A is a subset of the set B if and only if every element of A is also an element of B. We also say that A is
contained in B, and use the notation A 0 B.

Proper Subset:
A set A is called proper subset of the set B. If (i) A is subset of B and (ii) B is not a subset A i.e., A is said to be a
proper subset of B if every element of A belongs to the set B, but there is atleast one element of B, which is not

in A. If A is a proper subset of B, then we denote it by A O B.

Super set: If A is subset of B, then B is called a superset of A.
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Null set: The set with no elements is called an empty set or null set. A Null set is designated by the symbol .
The null set is a subset of every set, i.e., If Ais any set then 0 O A.

Universal set:
In many discussions all the sets are considered to be subsets of one particular set. This set is called the universal

set for that discussion. The Universal set is often designated by the script letter]. Universal set in not unique
and it may change from one discussion to another.

Power set:
The set of all subsets of a set A is called the power set of A.
The power set of A is denoted by P (A). If A has n elements in it, then P (A) has 2»elements:

Disjoint sets:
Two sets are said to be disjoint if they have no element in common.

Union of two sets:
The union of two sets A and B is the set whose elements are all of the elements in A or in B or in both. The union

of sets A and B denoted by A0l B is read as —A union BI.

Intersection of two sets:
The intersection of two sets A and B is the set whose elements are all of the elements common to both A and B.
The intersection of the sets of —Al and —Bl is denoted by AN B and is read as —A intersection Bl

Difference of sets:
If A and B are subsets of the universal set U, then the relative complement of B in Ais the set of all elements in

A which are not in A. It is denoted by A — B thus: A— B = {x | x € A and x[0B}
Complement of a set:
If U is a universal set containing the set A, then U — A is called the complement of A. It is denoted by A' . Thus

Al = {x: xOA}

Inclusion-Exclusion Principle:

The inclusion—exclusion principle is a counting technique which generalizes the familiar method of obtaining
the number of elements in the unionof two finite sets; symbolically expressed as

IAUB|=|A|+|B|-|A N B

ApB

Fig.Venn diagram showing the
union of sets A and B

where A and B are two finite sets and |S| indicates the cardinality of a set S (which may be considered as the
number of elements of the set, if the set is finite). The formula expresses the fact that the sum of the sizes of the
two sets may be too large since some elements may be counted twice. The double-counted elements are those
in the intersection of the two sets and the count is corrected by subtracting the size of the intersection.

The principle is more clearly seen in the case of three sets, which for the sets A, B and C is given by
|A UBUBC|=|A|+ B[+ |C|— |ANBI-|CNB|—|ANCHA NBNC|.
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Fig.Inclusion—exclusion illustrated by a
Venn diagram for three sets

This formula can be verified by counting how many times each region in the Venn diagram figure is included in
the right-hand side of the formula. In this case, when removing the contributions of over-counted elements, the
number of elements in the mutual intersection of the three sets has been subtracted too often, so must be added
back in to get the correct total.

In general, Let AL, - - -, Ap be finite subsets of a set U. Then,
AU U UA) = D 1al= D0 4, N+
l=isp l=i) <ia=p
Z. |A|| ﬁ-"L: ﬁa"l|3|—---+|:—1}"")_l |A|ﬁA2m'“ﬁA,ﬁ-|r
l=i) <z =iz sp

Example: How many natural numbers n < 1000 are not divisible by any of 2, 3?
Ans:  LetA2={n €N |n<1000,2|n} and Az ={n € N|n <1000, 3|n}.
Then, |A2 U As| = |Az| + |As] — |JA2 N A3 =500 + 333 — 166 = 667.
So, the required answer is 1000 — 667 = 333.
Example: How many integers between 1 and 10000 are divisible by none of 2, 3, 5, 7?
Ans:  Forie{2, 3,5 7} let Ai={n € N|n<10000, ijn}.
Therefore, the required answer is 10000 — |A2 U Az U As U Ay| = 2285.

Relations
Definition: Any set of ordered pairs defines a binary relation.

We shall call a binary relation simply a relation. Binary relations represent relationships
between elements of two sets. If R is a relation, a particular ordered pair, say (X, y) € R can be
written as xRy and can be read as —x is in relation R to yl.

Example: Give an example of a relation.

Solution: The relation —greater thanl for real numbers is denoted by ’ > Ifxand y are any two

real numbers such that x >y, then we say that (x, y) €>. Thus the relation > is { } >=(x, y) : x
and y are real numbers and x >y
Example: Define a relation between two sets A = {5, 6, 7} and B = {x, y}.

Solution: If A ={5, 6, 7} and B = {x, y}, then the subset R = {(5, x), (5, y), (6, x), (6, y)} is a relation
from A to B.

Definition: Let S be any relation. The domain of the relation S is defined as the set of all first
elements of the ordered pairs that belong to S and is denoted by D(S).

D(S)= {x:(x,y) €S, forsomey }
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The range of the relation S is defined as the set of all second elements of the ordered pairs that
belong to S and is denoted by R(S).

R(S)= {y:(x,y) €S, for some x}

Example: A={2, 3,4} and B={3, 4, 5, 6, 7}. Define a relation from Ato B by (a, b) ER ifa
divides b.
Solution: We obtain R ={(2, 4), (2, 6), (3, 3), (3, 6), (4, 4)}.

Domain of R = {2, 3, 4} and range of R = {3, 4, 6}.

Properties of Binary Relations in a Set

A relation R on a set X is said to be
. Reflexive relation if xXRx or (X, X) € R, VX € X
. Symmetric relation if xRy then yRx, ¥x,y € X
. Transitive relation if xRy and yRz then xRz, VX, y, z € X

. Irreflexive relation if x R¥  or (x,x) DR, Vx € X
. Antisymmetric relation if for every x and y in X, whenever xRy and
YRX, thenx =vy.

Examples: (i). If R1 = {(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)} be arelationon A = {1, 2, 3}, thenR1 is a
reflexive relation, since for every x € A, (X, X) € R1.

@i). IfR2={(1, 1), (1, 2), (2, 3), (3, 3)} be arelation on A = {1, 2, 3}, then R2 is not a reflexive
relation, since for every 2 € A, (2, 2) O R2.

(iii). IFR3={(1, 1), (1, 2), (1, 3), (2, 2), (2, 1), (3, 1)} be arelationon A= {1, 2, 3}, then R3 is a
symmetric relation.
(iv). IfRa={(1, 2), (2, 2), (2, 3)} on A={1, 2, 3} is an antisymmetric.

Example: Given S ={1, 2, ..., 10} and a relation R on S, where R = {(x, y)| x +y = 10}.
What are the properties of the relation R?

Solution: Given that
S={1,2,..,10}
« ={ky)lx+y=10}
- ={1,9.091),(28),(8,2),37),(73),(4,6), (6,4), (5 5)} ().
Forany x € Sand (x, x) OR. Here, 1 € S but (1, 1)0R.

= the relation R is not reflexive. It is also not irreflexive, since (5, 5) € R.
(i).(1,99eR=(9,HER
(2,8)eR=>(8,2) ER.....

= the relation is symmetric, but it is not antisymmetric. (iii). (1, 9) € Rand (9, 1) ER
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= (1,1) OR

= The relation R is not transitive. Hence, R is symmetric.

Relation Matrix and the Graph of a Relation

Relation Matrix: A relation R from a finite set X to a finite set Y can be repre-sented by a matrix is
called the relation matrix of R.

Let X = {x1, x2, ..., xm} and Y = {y1, y2, ..., yn} be finite sets containing m and n elements,
respectively, and R be the relation from A to B. Then R can be represented by an m x n matrix MR
= [rij ], which is defined as follows:

01, if (xi,y ;)OR "]
=00, if (xi,y ;)OR

Example. Let A= {1, 2, 3, 4} and B = {b1, b2, b3}. Consider the relation R = {(1, b2), (1, b3), (3, b2),
(4, b1), (4, b3)}. Determine the matrix of the relation.
Solution: A ={1, 2, 3, 4}, B = {b1, b2, b3}.

Relation R = {(1, b2), (1, b3), (3, b2), (4, b1), (4, b3)}. Matrix
of the relation R is written as

00110
d d
0o o oo
That is MR =00 1 00
oo0oo01o0
100
Example: Let A= {1, 2, 3, 4}. Find the relation R on A determined by the matrix
gi1o01o0
a a
goo1o00
MR =010000
a a
oo110100

Solution: The relation R ={(1, 1), (1, 3), (2, 3), (3, 1), (4, 1), (4, 2), (4, 4)}.

Properties of a relation in a set:
(i). If a relation is reflexive, then all the diagonal entries must be 1.

(i1). If a relation is symmetric, then the relation matrix is symmetric, i.e., rij = rji for every i and j.
(iii). If a relation is antisymmetric, then its matrix is such that if rij = 1 then rji = 0 for i =/].

Graph of a Relation: A relation can also be represented pictorially by drawing its graph. Let R
be a relation in a set X = {x1, x2, ..., xm}. The elements of X are represented by points or circles
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called nodes. These nodes are called vertices. If (xi, Xj ) € R, then we connect the nodes xi and Xj
by means of an arc and put an arrow on the arc in the direction from xi to xj . This is called an edge.
If all the nodes corresponding to the ordered pairs in R are connected by arcs with proper arrows,
then we get a graph of the relation R.

Note: (i). If xiRxj and xj Rxi, then we draw two arcs between xi and xj with arrows pointing in both
directions.

(ii). If xiRxi, then we get an arc which starts from node xi and returns to node xi. This arc is called a
loop.

Properties of relations:

(i). If a relation is reflexive, then there must be a loop at each node. On the other hand, if the
relation is irreflexive, then there is no loop at any node.

(ii). If a relation is symmetric and if one node is connected to another, then there must be a return
arc from the second node to the first.

(iii). For antisymmetric relations, no such direct return path should exist. (iv).

If a relation is transitive, the situation is not so simple.

Example: Let X = {1, 2, 3, 4} and R={(X, y)| x > y}. Draw the graph of R and also give its matrix.
Solution: R ={(4, 1), (4, 3), (4, 2), (3, 1), (3, 2), (2, 1)}.
The graph of R and the matrix of R are

12

3 4
Graph of R

00 00 0O
O O

010000

MR =011000
O O
00111000

Partition and Covering of a Set

Let S be agivensetand A = {A1, A2, - - -, Am} whereeach Ai,i=1, 2, -, misasubset of Sand
m

UAOS .

i01

Then the set A is called a covering of S, and the sets A1, A2, - - -, Am are said to cover S. If, in
addition, the elements of A, which are subsets of S, are mutually disjoint, then A is called a partition
of S, and the sets A1, A2, - - -, Am are called the blocks of the partition.
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Example: Let S = {a, b, c} and consider the following collections of subsets of S. A = {{a, b}, {b,

c}}, B={{a}, {a, c}}, C={{a}, {b, c}}, D= {{a, b, c}}, E = {{a}, {b}. {c}}, and F = {{a}, {a, b}, {a,

c}}. Which of the above sets are covering?

Solution: The sets A, C, D, E, F are covering of S. But, the set B is not covering of S, since their
union is not S.

Example: Let S = {a, b, c} and consider the following collections of subsets of S. A = {{a, b}, {b,
c}}, B={{a}, {b, c}}, C={{a, b, c}}, D = {{a}, {b}, {c}}, and E= {{a}, {a, c}}. Which of the

above sets are covering?

Solution: The sets B, C and D are partitions of S and also they are covering. Hence, every partition
IS a covering.

The set A is a covering, but it is not a partition of a set, since the sets {a, b} and {b, c} are not
disjoint. Hence, every covering need not be a partition.

The set E is not partition, since the union of the subsets is not S. The partition C has one block and
the partition D has three blocks.

Example: List of all ordered partitions S = {a, b, c, d} of type (1, 2, 2).

Solution:
({a}, {b}, {c, d}), ({b}. {a}, {c, d})
({a}, {c}, {b, d}), ({c}, {a}, {b, d})
({a}, {d}, {b, c}), ({d}, {a}, {b, c})
({b}, {c}. {a, d}), ({c}, {b}. {a, d})
({b}, {d}, {a, c}), ({d}, {b}, {a, c})
({c}, {d}, {a, b}), ({d}, {c}., {a, b}).

Equivalence Relations
A relation R in a set X is called an equivalence relation if it is reflexive, symmetric and transitive.
The following are some examples of equivalence relations:

1.Equality of numbers on a set of real numbers.

2. Equality of subsets of a universal set.

Example: Let X ={1, 2, 3,4} and R =={(1, 1), (1, 4), (4, 1), (4, 4), (2, 2), (2, 3), (3, 2), (3, 3)}.
Prove that R is an equivalence relation.

010010
g g
go1100

MR =0011010
a a
0d100100

50



>y

lf TN M
1o o
3 /{\ﬂf\ \\
/ /
/ i \
| L
\\ X ﬂ} /
2 X

The corresponding graph of R O fj is shown in figure:

Clearly, the relation R is reflexive, symmetric and transitive. Hence,
R is an equivalence relation. Example: Let X = {1, 2, 3, ..., 7} and R =(x, y)| x — y is divisible by 3.
Show that R is an equivalence relation.

Solution: (). Forany x € X, x — x = 0 is divisible by 3.

= XRX

= R is reflexive.
(i). For any x, y € X, if xRy, then x — y is divisible by 3.

= —(x — y) is divisible by 3.

= y — x is divisible by 3.

= YRX

Thus, the relation R is symmetric. (iii).
Forany X, Yy, z € X, let xRy and yRz.

= (X —y) + (y — 2) is divisible by 3
= x — z is divisible by 3

= XRz

Hence, the relation R is transitive.

Thus, the relation R is an equivalence relation.
Congruence Relation: Let | denote the set of all positive integers, and let m be apositive integer.
Forx € landy € I, defineRasR = {(x, y)| x — y is divisible by m }
The statement IX — y is divisible by ml is equivalent to the statement that both x and y have the same
remainder when each is divided by m.
In this case, denote R by = and to write xRy as x =y (mod m), which is read as Ix equals to y
modulo ml. The relation = is called a congruence relation. Example: 83 = 13(mod 5), since
83-13=70 is divisible by 5.
Example: Prove that the relation —congruence modulo ml over the set of positive integers is an
equivalence relation.

Solution: Let N be the set of all positive integers and m be a positive integer. We define the relation
Icongruence modulo ml on N as follows:

Letx,y € N.x =y (mod m) if and only if x — y is divisible by m.
Letx,y,z € N. Then

(1. x—x=0.m

= x =x (mod m) forall x €N

(i1). Let x =y (mod m). Then, x — y is divisible by m.
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= —(x —y) =y — x is divisible by m.
i.e., y = x (mod m)
=~ The relation = is symmetric.

= x — yand y — z are divisible by m. Now (x —y) + (y — ) is divisible by m. i.e., x — z is
divisible by m.

= x =z (mod m)

-~ The relation = is transitive.

Since the relation = is reflexive, symmetric and transitive, the relation congruence modulo m is an
equivalence relation.

Example: Let R denote a relation on the set of ordered pairs of positive integers such that (x,y)R(u,
v) iff xv = yu. Show that R is an equivalence relation.

Solution: Let R denote a relation on the set of ordered pairs of positive integers.
Let x, y, u and v be positive integers. Given (x, y)R(u, v) if and only if xv = yu.
(1). Since xy = yx is true for all positive integers

= (X, Y)R(X, y), for all ordered pairs (x, y) of positive integers.
=~ The relation R is reflexive. (ii). Let (x, y)R(u, V)

S XV=yu=yu

=XV = Uy = VX

= (U, V)R(X, y)

=~ The relation R is symmetric.
(iii). Let x, y, u, v, m and n be positive integers
Let (X, y)R(u, v) and (u, v)R(m, n)

= XV =yu and un =vm

= Xvun = yuvm

= Xxn = ym, by canceling uv
= (X, Y)R(m, n)

=~ The relation R is transitive.
Since R is reflexive, symmetric and transitive, hence the relation R is an

equivalence relation.
Compatibility Relations

Definition: A relation R in X is said to be a compatibility relation if it is reflexive and symmetric.
Clearly, all equivalence relations are compatibility relations. A compatibility relation is sometimes
denoted by ~.

Example: Let X = {ball, bed, dog, let, egg}, and let the relation R be given by
R={(x,y)| X,y € X A xRy if xand y contain some common letter}.
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Then R is a compatibility relation, and x, y are called compatible if xRy. Note:
ball~bed, bed~egg. But ball~egg. Thus = is not transitive.

Denoting Iballl by x1, Ibedl by x2, Idogl by x3, lletl by x4, and leggl by X5, the graph of = is given as
follows:

X

Maximal Compatibility Block:

Let X be a set and ~ a compatibility relation on X. A subset A € X is called a maximal
compatibility block if any element of A is compatible to every other element of A and no element
of X — A'is compatible to all the elements of A.

Example: The subsets {x1, x2, x4}, {x2, x3, x5}, {x2, x4, x5}, {X1, x4, x5} are maximal compatibility
blocks.

x
x 2

X3

X5

Example: Let the compatibility relation on a set {x1, x2, ..., x6} be given by the matrix:
x21

x311
x40 01xs0011x61010
1
X1 X2 X3 X4 X5
Draw the graph and find the maximal compatibility
blocks of the relation. Solution: x
Xg X3

Xy

The maximal compatibility blocks are {x1, x2, x3},{x1, x3, x6},{x3, X5, x6},{X3, X4, X5}.
Composition of Binary Relations
Let R be a relation from X to Y and S be a relation from Y to Z. Then a relation writtenas R ¢ S is

called a composite relation of R and S where RS = {(X, z)| x € X, z € Z, and there exists y €
Y with (x,y) ERand (y,z) €S }.

Theorem: If R is relation from A to B, S is a relation from B to C and T is a relation from C to D
then 7o (S° R) = (T S)° R

Example: Let R ={(1, 2), (3, 4), (2, 2)} and S ={(4, 2), (2, 5), (3, 1), (1, 3)}. Find R
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©S,S°R,Ro(S°R),(R°S)°R,R°R,S°S,and (R°R)°R.

Solution: Given R ={(1, 2), (3, 4), (2, 2)} and S = {(4, 2), (2, 5), (3, 1), (1, 3)}.
R-85={(1,5),(3,2),(2,5}S°R=
{4,2),(3,2),(1,4)}=R-S
(ReS)-R={(3 2)}

Ro(S°R)={(B,2)}=(R°S)°R
R>R={(1,2), (2 2)}
R°R-S={(4,5), (3, 3), (1, 1)}

Example: Let A ={a, b, c}, and R and S be relations on A whose matrices are as given
below:

01010 gioo0
O O O O
Mr =00 1 00 and Ms =01 0 10
0011100 00o 1100

Find the composite relationsR > S, S R, R ° R, S » S and their matrices.
Solution:

R={(a a), (a c). (b, a), (b, b), (b, c), (c, b)}

S={(a, a), (b, b), (b, c), (c, @), (c, ¢)}. From these, we find that
ReS={(a, a), (a, c), b, a), (b, b), (b, c), (c, b), (c, c)}
SeR={(a a), (ac) (bh) (b a) (b c)(ca)(cb)(cc)}

R°R=R%= {(a, a), (a, ¢), (a, b), (b, @), (b, c), (b, b), (c, a), (c, b),
(c,c)}S-S= %= {(a, a), (b, b), (b, c), (b, @), (c, @), (c, c)}.

The matrices of the above composite relations are as given

below:
01010 gio010 01110
O O O O O O
MROS=00110; Msor=01110; Mror =011 10;
011100 00112100 0011100
O
giooO
O O
Msos =010 10
0011100
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Transitive Closure

Let X be any finite set and R be a relation in X. The relation R* = RUR?UR3 U - -UR"
in X is called the transitive closure of R in X.

Example: Let the relation R = {(1, 2), (2, 3), (3, 3)} on the set {1, 2, 3}. What is the transitive closure of R?
Solution: Given that R = {(1, 2), (2, 3), (3, 3)}.

The transitive closure of RisRT=RUR?UR3U ... =
R={(1,2), (2, 3), 3, 3)}

RZ=R°R={(,2), (2 3), (3 3)/° {(1,2), (2,3), (3,3} ={(L 3), 2,
3), (3,3)}
R®=R*°R={(1,3), (2. 3), (3, 3)}
R*=R3-R={(1,3), (2, 3), (3, 3)} R*
=RUR?UR3UR*U ...
={(1,2),(2,3), (38,3} u{(1,3),(23),33)}u{(13),(23), B3}V ..
={(1,2), (1, 3),(2,3), 3, 3)}.
Therefore R* = {(1, 2), (1, 3), (2, 3), (3, 3)}.
Example: Let X = {1, 2, 3, 4} and R = {(1, 2), (2, 3), (3, 4)} be a relation on X. Find R™.
Solution: Given R = {(1, 2), (2, 3), (3, 4)} R
={(1,3), (2, 9}
R®={(1, 4)}
R*={(1, 9}R"={(1.2), (2.3). (3,4). (1, 3),
2, 4), (1, M)}

Partial Ordering

A binary relation R in a set P is called a partial order relation or a partial ordering in P iff R is
reflexive, antisymmetric, and transitive. i.e.,

+ aRaforallaeP

* aRbandbRa=a=b

* aRbandbRc = aRc
A set P together with a partial ordering R is called a partial ordered set or poset. The relation R is
often denoted by the symbol <which is different from the usual less than equal to symbol. Thus, if
<is a partial order in P, then the ordered pair (P, <) is called a poset.
Example: Show that the relation Igreater than or equal tol is a partial ordering on the set of integers.

Solution: Let Z be the set of all integers and the relation R =>

(i). Since a > a for every integer a, the relation ">'is reflexive. (ii).
Let a and b be any two integers.

LetaRbandbRa=a>bandb>a

=>a=h
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- The relation '>'is antisymmetric. (iii).
Let a, b and c be any three integers.
LetaRbandbRc=a>bandb>c

=>a>c

~ The relation > is transitive.

Since the relation "> is reflexive, antisymmetric and transitive, >'is partial ordering on the set of
integers. Therefore, (Z, >) is a poset.

Example: Show that the inclusion C is a partial ordering on the set power set of a set S.
Solution: Since (i). AS Aforall AC S, C is reflexive.

(i), Ac Band B € A= A=B, C is antisymmetric.

(iii),AcBand B < C= ACc C, Cistransitive.
Thus, the relation < is a partial ordering on the power set of S.
Example: Show that the divisibility relation 'isa partial ordering on the set of positive integers.
Solution: Let Z* be the set of positive integers.

Since (i). a/a for all a € Z*, / is reflexive.
(ii). a/b and b/a = a = b, / is antisymmetric.

(iii). a/b and b/c = alc, / is transitive.

It follows that / is a partial ordering on Z* and (Z*, /) is a poset.

Note: On the set of all integers, the above relation is not a partial order as a and —a both divide
each other, but a = —a. i.e., the relation is not antisymmetric. Definition: Let (P, <) be a partially
ordered set. If for every X, y € P we have either x <y V y <x, then <is called a simple ordering or
linear ordering on P, and (P, <) is called a totally ordered or simply ordered set or a chain. Note:
It is not necessary to have x <y ory <x for every x and y in a poset P . In fact, x may not be related
to y, in which case we say that x and y are incomparable. Examples:

(i). The poset (Z, <) is a totally ordered.

Since a <b or b <a whenever a and b are integers.
(ii). The divisibility relation / is a partial ordering on the set of positive integers.

Therefore (Z*, /) is a poset and it is not a totally ordered, since it contain elements that are
incomparable, such as 5 and 7, 3 and 5.

Definition: In a poset (P, <), an element y € P is said to cover an element x € P if x <y and if there
does not exist any element z € P such that x <z and z <y; that is, y coversx & (x <y A (X <z

<y=>x=zVz=Yy)).
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Hasse Diagrams

A partial order <on a set P can be represented by means of a diagram known as Hasse diagram of
(P, ). In such a diagram,

(i). Each element is represented by a small circle or dot.

(i). The circle for x € P is drawn below the circle fory € P if x <y, and a line is drawn
between x and y if y covers x.

(iii). If x <y but y does not cover x, then x and y are not connected directly by a single line.

Note: For totally ordered set (P, <), the Hasse diagram consists of circles one below the other. The
poset is called a chain.

Example: Let P = {1, 2, 3, 4, 5} and < be the relation lless than or equal tol then the Hasse diagram
is:

It is a totally ordered set.

Example: Let X ={2, 3, 6, 12, 24, 36}, and the relation < be such that x <y if x divides y. Draw the
Hasse diagram of (X, <). Solution: The Hasse diagram is is shown below:

36 24

It is not a total order set.

Example: Draw the Hasse diagram for the relation R on A ={1, 2, 3, 4, 5} whose relation matrix
given below:

01 0 1 1 10
O a
oo 1 1 1 10

Oy 0 1 1 4"

Mr =0 a
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oo 0 0 1 oO

DO 0 0O 1[:I
O O
O O
a a

Solution:
R={(1, 1), (1, 3), (1, 4), (1,5), (2, 2), (2, 3), (2,4), (2,5), (3, 3), (3, 4), (3, 5), (4, 4), (5.5)}.

Hasse diagram for MR is

LN
3
rd
1 2

Example: A partial order R on the set A ={1, 2, 3, 4} is represented by the following digraph. Draw

the Hasse diagram for R.

o .

(3) 4

—

Solution: By examining the given digraph , we find that
R={(1,1), (1,2),(1,3),(1,4),(22),(2,4),33), (4 4}
We check that R is reflexive, transitive and antisymmetric. Therefore, R is partial order relation on
A
The hasse diagram of R is shown below:

Example: Let A be a finite set and p(A) be its power set. Let € be the inclusion relation on the
elements of p(A). Draw the Hasse diagram of p(A), <) for

« A={a}
« A={a b}
Solution: (i). Let A= {a} p(A) =
{9, af
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Hasse diagram of (p(A), <) is shown in Fig: A={a}

¢
(ii). Let A ={a, b}. p(A) = {4, {a}, {b}, {a, b}}.
The Hasse diagram for (p(A), <) is shown in fig:
{a, b} {a, b}
{a} {b} {b} > {a}
¢ ¢

Example: Draw the Hasse diagram for the partial ordering € on the power set P (S) where S = {a, b,
c}.
Solution: S={a, b, c}.

P(S)={¢ {a}, (b}, {c} {a b}, {a, c} {b, ¢} {a b, c}}.

Hasse diagram for the partial ordered set is shown
in fig: A={a b, )
///\\\
@ oyt el
Py Bzt
[ //\ /\\ 1
{a)o_ {b}T e e
N 7
g |
>

Example: Draw the Hasse diagram representing the positive divisions of 36 (i.e., D36).

Solution: We have D36 = {1, 2, 3, 4, 6, 9, 12, 18, 36} if and only a divides b. The Hasse diagram for
R is shown in Fig.

Minimal and Maximal elements(members): Let (P, <) denote a partially or-dered set. An element
y € P is called a minimal member of P relative to <if fornox € P ,isx <y.
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Similarly an element 'y € P is called a maximal member of P relative to the partial ordering <
if fornox € P, isy <x. Note:

(i). The minimal and maximal members of a partially ordered set need not unique. (ii).
Maximal and minimal elements are easily calculated from the Hasse diagram. They
are the 'top' and 'bottom’ elements in the diagram.

Example:

In the Hasse diagram, there are two maximal elements and two minimal elements.
The elements 3, 5 are maximal and the elements 1 and 6 are minimal.
Example: Let A={a, b, c, d, e} and let the partial order on A
in the natural way. b g
The element a is maximal.
The elements d and e are minimal. d e

a

Upper and Lower Bounds: Let (P, <) be a partially ordered set and let A € P . Any element x € P is

called an upper bound for A if for all a € A, a <x. Similarly, any element x € P is called a lower

bound for A if for all a € A, X <a. Example: A = {1, 2, 3, ..., 6} be ordered as
pictured in 1 a .
figure.
4 5
6

If B = {4, 5} then the upper bounds of B are 1, 2, 3. The lower bound of B is 6. Least
Upper Bound and Greatest Lower Bound:

Let (P, <) be a partial ordered set and let A € P . An element x € P is a least upper bound or
supremum for A if X is an upper bound for A and x <y where y is any upper bound for A. Similarly,
the the greatest lower bound or in mum for A is an element x € P such that x is a lower bound and
y <x for all lower boundsy.

Example: Find the great lower bound and the least upper bound of {b, d, g}, if they exist in the
poset shown in fig:
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Solution: The upper bounds of {b, d, g} are g and h. Since g < h, g is the least upper bound. The
lower bounds of {b, d, g} are a and b. Since a < b, b is the greatest lower bound.

Example: Let A={a, b, ¢, d, e, f, g, h} denote a partially ordered set whose Hasse diagram is shown
in Fig:

g h
f
If B={c, d, e} thenf, g, h are upper bounds of 4 e B.
The element f is least upper bound. ¢
a b

Example: Consider the poset A ={1, 2, 3, 4, 5, 6, 7, 8} whose Hasse diagram is shown in Fig and let
B={3, 4,5}

8
6 7
4 5
The elements 1, 2, 3 are lower bounds of 3
B.
1 2

3 is greatest lower bound.

Functions

A function is a special case of relation.

Definition: Let X and Y be any two sets. A relation f from X to Y is called a function if for every x
€ X, there is a unique element y € Y such that (x, y) € f. Note: The definition of function requires

that a relation must satisfies two additional conditions in order to qualify as a function. These
conditions are as follows:

(i) For every x € X must be related to some y € Y , i.e., the domain of f must be X and nor merely
a subset of X.

(ii). Uniqueness, i.e., (x,y) Efand (x,z) ef=>y =12

The notation f: X — Y, means f is a function from X toY .

Example: Let X={1, 2,3}, Y={p,q, r}and f = {(1, p), (2, 0), (3, N} then f(1)=p, f(2) =q, f(3) =
r. Clearly f is a function from Xto Y .
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Domain and Range of a Function: If f :
called the Domain of f and the set Y is
range of f is defined as the set of all
f(X) = {y| for some x in X, f(x) =y} and
Range f is also denoted by Rf .

X — Y is a function, then X is
called the codomain of f. The
images under f. It is denoted by
is called the image of X in Y . The

Example: If the function f is defined by f(x):x2 + lontheset {~2, 1,0, 1, 2}, find the range of f.

Solution: f(—2) = (=2)° +1=5
f(-1)=(-1)°+1=2
f0)=0+1=1
fl)=1+1=2
fQ)=4+1=5

Therefore, the range of f = {1, 2, 5}.
Types of Functions

One-to-one(Injection): A mapping f : X — Y is called one-to-one if distinct elements of X are
mapped into distinct elements of Y , i.e., f is one-to-one if x1 =/x2 = f(x1) =/f(x2)

or equivalently f(x1) = f(x2) = x1 = x2 for x1, x2 € X.

Example: f: R — R defined by f(x) = 3x, ¥x € R is one-one, since
f(x1) = f(x2) = 3x1 = 3x2 = x1 = x2, VX1, X2 € R.
Example: Determine whether f: Z — Z given by f(x) = x°, X € Z is a one-to-One function.

Solution: The function f: Z — Z given by f(x) = x2, X € Z is not a one-to-one function. This is
because both 3 and -3 have 9 as their image, which is against the definition of a one-to-one
function.

Onto(Surjection): A mapping f: X — Y is called onto if the range set Rf = Y .

If f: X — Y is onto, then each element of Y is f-image of atleast one element of X. i.e.,
{f(x):xeX}=Y.
If f is not onto, then it is said to be into.
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Surjective Not Surjective

Example: f: R — R, given by f(x) = 2x, ¥x € R is onto.

Bijection or One-to-One, Onto: A mapping f : X — Y is called one-to-one, onto or bijective if it is
both one-to-one and onto. Such a mapping is also called a one-to-one correspondence between X
andY .

i

=

>4 ¥

Example: Show that a mapping f : R — R defined by f(x) = 2x + 1 for X € R is a bijective map
from R to R.

Solution: Let f: R — R defined by f(x) = 2x + 1 for x € R. We need to prove that f is a bijective
map, i.e., it is enough to prove that f is one-one and onto.

*  Proof of f being one-to-one
Let x and y be any two elements in R such that f(x) = f(y)

=>2x+1=2y+1
>X=Yy

Thus, f(x) =f(y) > x=y
This implies that f is one-to-one.
»  Proof of f being onto
Let y be any element in the codomain R

=>f)=y

=>2x+1=y

= x =(y-1)/2

Clearly, x = (y-1)/2e R
Thus, every element in the codomain has pre-image in the domain.
This implies that f is onto
Hence, f is a bijective map.
Identity function: Let X be any set and f be a function such that f : X — X is defined by f(x) = x

forall x € X. Then, fis called the identity function or identity transformation on X. It can be denoted

by I or Ix.
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Note: The identity function is both one-to-one and onto. Let
Ix(x) = Ix(y)
=>X=Yy
= Ix is one-to-one Ix is onto

since x = Ix(x) for all x.

Composition of Functions

Letf: X —>Yandg:Y — Zbe two functions. Then the composition of f and g denoted by g - f, is
the function from X to Z defined as

(9 ° )(x) = g(f(x)), forall x € X.
Note. In the above definition it is assumed that the range of the function f is a subset of Y (the
Domain of g), i.e., Rf € Dg. g ° f is called the left composition g with f.
Example: Let X ={1, 2,3}, Y ={p,q}and Z = {a, b}. Also letf: X — Y be f ={(1, p), (2, 9), (3,
g)}andg:Y — Z be given by g = {(p, b), (g, b)}. Find g - . Solution: g - f = {(1, b), (2, b), (3, b).

Example: Let X ={1, 2, 3} and f, g, h and s be the functions from X to X given
by f={(1,2),(2,3), 3. 1)} 9={12),(21),3,3}h={11) (2,

2), 3, 1)} s={(1,1),(22), (3 3)}
Findfof,gof;feheog;s°g;ge°s;ses;andfes.

Solution: fog={(123),(22),3 1} g°/={(11),(23), 3,
2y~feg foheg=fo(heog)=r{(12),(21), 3 1)}

={(1,3),(2,2.3,2)} s°¢g={(12),(21), G
3k=9
g°s={(1,2),(2,1), 3 3)}
nsog=goes=g s°5s={1,1),(2,2),(3,3)}=s
fos={(1,2),(23), 3 1)}
Thus,ses=s,fog#gef,seg=ges=gandhes=sch=h.
Example: Let f(x) =x + 2, g(x) = x — 2 and h(x) = 3x for x € R, where R is the set of
real numbers. Findg o f;foqg;fof,geg;foh;heg;hef,andfeohoqg.
Solution: f: R — R is defined by f(x) = x+ 2 f: R — R is defined by g(x) = x — 2
h: R — R is defined by h(x) = 3x
. g°f:R—R

Let x € R. Thus, we can write
(@°N() =9(f(x)) =g(x +2) =x+2 -2 =X
~ (9N ={x X[ x€R}

(fea)(x) =f(g(x)) =f(x —2) =(x —2) +2=x

~feg={(x, X)| x € R}

(feH)(X) =f(f(X)) =f(x +2) =x+2+2=x+4

~fof={(x, x+4)|x €R}

@9 =9(@X)=9gx-2)=x-2-2=x—-4
=>gog={(x, x —4)|XxER}
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. (fe h)(x) = f(h(x)) = f(3x) =3x + 2
s~ feh={(x,3x+2)| x €ER}

* (heg)()=h(@Xx)=h(x-2)=3(x—-2)=3x -6
~heg={(x,3x — 6)| X ER}

. (hof)(x) =h(f(x)) =h(x+2) =3(x+2) =3x+ 6 h ° f={(x, 3x + 6)| X E R}

. (feheg)(x)=[fo(h-g)](X) f(h>g(x))=fBx—6)=3x—-6+2=3x—4
~foheog={(x,3x — 4)| X ER}.

Example: What is composition of functions? Let f and g be functions from R to R, where R is a set
of real numbers defined by f(x) = x? +3x + 1 and g(x) = 2x — 3. Find the composition of

functions: i) fefii)fogiii)gef.

Inverse Functions

A function f: X — Y is aid to be invertible of its inverse function f * is also function from the range
of finto X.

Theorem: A function f: X — Y is invertible & f is one-to-one and onto.
Example: Let X ={a, b, c,d}and Y = {(1, 2, 3, 4} and let f : X — Y be given by f = {(a, 1), (b, 2), (c,
2), (d, 3)}. Is f L a function?

Solution: f 1 = {(1, a), (2, b), (2, ©), (3, d)}. Here, 2 has two distinct images b and c. Therefore,
-1 is not a function.

Example: Let R be the set of real numbers and f: R — R be given by f = {(x, x¥®)| x ER}. Isf * a
function?

Solution: The inverse of the given function is defined as f* = {(x?, x)| x € R}.
Therefore, it is not a function.
Theorem: Iff: X —>Yandg:Y — Xbesuchthatg-f=Ixandf-g=Ily, then fand g are both

invertible. Furthermore, f * = g and g_1 =f.

Example: Let X = {1, 2, 3, 4} and f and g be functions from X to X given by f = {(1, 4), (2, 1), (3, 2),
(4,3)}and g ={(1, 2), (2, 3), (3, 4), (4, 1)}. Prove that f and g are inverses of each other. Solution:
We check that

(9°ND)=9(f1)=9@) =1  =Kk(1), (f-0)1) =F(g(1)=1(2)=1=Ix(1).
@:-N=9f@)=gM)=2 =K@, (-g@r O@)=E)=2=k2)
(@:NB) =03 =9 =3=1@), (-g@ OE)=MH)=3=@).
(9> )(4) = 9(f(4)) = 9(3) =4=1x(4), (fe9)4) =f(g(4)=1(1)=4=1x(4).
Thus, for all x € X, (g ° f)(x) = Ix(x) and (f > g)(x) = Ix(x). Therefore g is inverse of f and f is inverse
of g.

Example: Show that the functions f(x) = x° and g(x) = x1'3 for x € R are inverses of one another.
Solution: f: R — R is defined by f(x) = X ; . R — Ris defined by g(x) = x1/3
(f > 90 = f(g09) = 1x"%) =x*H = x= 1)
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i.e., (Fog)(x) = Ix(X)
and (g « () = g(f(x)) = g() = x*H¥ =x =
Ix(X) i.e., (g ° )(X) = Ix(x) Thus, f=g Lorg=
f—l

i.e., fand g are inverses of one other.

***Example: f: R — R is defined by f(x) = ax + b, for a, b € R and a =/0. Show that f is
invertible and find the inverse of f.

(i) First we shall show that f is one-to-one
Let x1, x2 € R such that f(x1) = f(x2)

>axlt+b=ax2+b

= axl =ax2
= X1 =X2

-~ fis one-to-one.
e To show that f is onto.
Let y € R(codomain) such that y = f(x) for some x € R.

=s>y=ax+h
>ax=y—b
= X =(y-b)/a
Given y € R(codomain), there exists an element x = (y-b)/a € R sueh that f(x) =y.

~ fisonto
= f is invertible and f 1(x)= (x-b)/a

Example: Let f : R — R be given by f(x) = X3 — 2. Find f L.
(i) First we shall show that f is one-to-one

Let x1, x2 € R such that f(x1) = f(x2)

=>x31—2:x32—

2> x31 =x32

= X1 =X2

~ f is one-to-one.
* To show that f is onto.

=>y=x3—2

= x> =y+2

= X= %&DZ
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Given y € R(codomain), there exists an element x = %}&DZE Rsuch that f(x) =y. ~ f

is onto

S fis invertible and f~1(x) = %a2

Floor and Ceiling functions:

Let x be a real number, then the least integer that is not less than x is called the CEILING of x. The

CEILING of x is denoted by [x].
Examples: [2.15] =3,[ V5] =3,[ -74] =-7, [ 2] =2

Let x be any real number, then the greatest integer that does not exceed x is called the Floor of x.

The FLOOR of x is denoted by |x].
Examples: |5.14] =5, | V5] = 2,| =7.6] =-8,|6] = 6, —3] =3

Example: Let f and g abe functions from the positive real numbers to positive real numbers defined

by f(x) = |2x], g(x) = x. Calculate f - gandg-f.
Solution: f° g(x) = f(g(x)) =fxD)=|2x*] ¢
° f(x) = g(f(x))=g(|2x])=(|12x])°

Recursive Function

Total function: Any function f : N" — N is called total if it is defined for every n-tuple in N".

Example: f(x, y) = x +y, which is defined for all x, y € N and hence it is a total function.

Partial function: If f : D — N where D € N", then f is called a partial function.

Example: g(x, y) = x —y, which is defined for only x, y € N which satisfy x >y.
Hence g(x, y) is partial.
Initial functions:
The initial functions over the set of natural numbers is given by
O Zero function Z: Z(x) = 0, for all x.
*  Successor function S: S(x) =x + 1, for all x.

«  Projection function Ui": Ui"(x1, x2, ..., xn) = xi for all n tuples (x1, x2,
n.
Projection function is also called generalized identity function.

For example, Uy (x) = x for every x € N is the identity function..
U2xy=xU=2@269=2U:3%@69=6Us3@2s69-=09.

Composition of functions of more than one variable:

The operation of composition will be used to generate the other function.

.nXn),1<i<

Let f1(x, y), f2(x, y) and g(x, y) be any three functions. Then the composition of g with f1 and f2 is

defined as a function h(x, y) given by h(x, y) = g(f1(x, y), f2(x, y)).
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In general, let f1, f2, ..., fn each be partial function of m variables and g be a partial function of n
variables. Then the composition of g with f1, f2, ..., fn produces a partial function h given by h(x1,
X2, ..., xm) = g(f1(x1, X2, ..., xm), ..., fn(x1, x2, ...xm)).

Note: The function h is total iff f1, 2, ..., fn and g are total.

Example: Let fi(x, y) = x +vy, f2(x, y) =xy + y2 and g(x, y) = xy. Then h(x,
y) = 9(f1(x, y), fa(x, )
=g(x+y, xy +y
= (Y0 +Y7)

Recursion: The following operation which defines a function f(x1, x2, ..., xn, y) of n + 1 variables
by using other functions g(x1, x2, .., xn) and h(x1, x2, ..., xn, y, z) of n and n + 2 variables,
respectively, is called recursion. f(x1, x2, ..., xn, 0) = g(x1, x2, ..., xn) f(x1, X2, ..., Xn, y + 1) =
h(x1, x2, ..., xn, y, f(x1, X2, ..., Xn, y))

where y is the inductive variable.

Primitive Recursive: A function f is said to be Primitive recursive iff it can be obtained from the
initial functions by a finite number of operations of composition and recursion.

***Example: Show that the function f(x, y) = x +y is primitive recursive. Hence compute the value
of f(2, 4).
Solution: Given that f(x, y) =x +.

Here, f(x, y) is a function of two variables. If we want f to be defined by recursion, we

need a function g of single variable and a function h of three variables. Now,

fx,y+1)=x+(y+1)=
(x+y)+1
=f(x,y) + 1.

Also, f(x, 0) = x. We
define f(x, 0) as

f(x, 0) = x =U1 (x)
= 3(f(x, ¥))

=s(U % (x, y, f(x, y)))

If we take g(x) = U1*(x) and h(x, y, z) = S(U33(x, y, 2)), we get f(x, 0) = g(x) and f(x, y + 1) = h(x,
Y, 2).

Thus, f is obtained from the initial functions U11, U33, and S by applying composition once and
recursion once.
Hence f is primitive recursive. Here, f(2, 0) = 2
f(2, 4) = S(f(2, 3))
=S(5(f(2, 2)))
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=S(S(S(f(2, 1))))
=S(S(S(5(f(2, 0)))))
=S(S(5(5(2))))
=S(5(5(3)))
=5(5(4))
=5(5)
=6 Example:

Show that f(x, y) = x * y is primitive recursion.

Solution: Given that f(x, y) =x * y.

Here, f(x, y) is a function of two variables. If we want f to be defined by recursion, we
need a function g of single variable and a function h of three variables. Now, f(x, 0) =0
and

fx, y+1)=x*(y+1)=xx*y
* f(x, y) + x We can write
f(x, 0) = 0 =Z(x) and f(x, y + 1) =fL(U33(x, y, f(x, y)), UL3(x, y, f(x, y)))
where f1(X, y) = x +y, which is primitive recursive. By taking g(x) = Z(x) = 0 and h defined by h(x,

y,2) = f1(U33(x, Y, 2), U13(x, y, 2)) = f(x, y + 1), we see that f defined by recursion. Since g and h
are primitive recursive, f is primitive recursive. Example: Show that f(x, y) = x” is primitive
recursive function. Solution: Note that x° = 1 for x =/0 and we put x% =0 for x = 0.

Also, W =y % x

Here f(x, y) = X is defined as
f(x, 0) = 1 = S(0) = S(Z(x))
f(x, y +1) =x*f(x,y)

- U3, y, f(x, ) * Us¥(x,
y, f(x, y))

h(x,y, f(x,y) = f1(U13(x, y, (X, ¥)), U33(x, y, f(x, y))) where f1(x, y) = x * y, which is
primitive recursive.
=~ f(x, y) is a primitive recursive function.

Example: Consider the following recursive function definition: If x <y then f(x, y) = 0, if y <x then
f(x,y) =f(x —y, y) + 1. Find the value of f(4, 7), f(19, 6).
O;x<y

Solution: Given f(X, y) :{f(x -y, y) + 1 yOx

f(4,7)=0 [~4<T]
f(19, 6) = (19 — 6, 6) + 1

= (13, 6) + 1 f(13,
6) =f(13 - 6,6) + 1
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=1(7,6) + 1L1(7,
6)=f(7—6,6)+1
=f(1,6)+1
=0+1
=1
f(13,6) =f(7,6) + 1
=1+1
=2
f(19,6)=2+1
=3
Example: Consider the following recursive function definition: If x <y then f(x, y) = 0, if y <x then
f(x, y) =f(x —y, y) + 1. Find the value of (86, 17)

Permutation Functions
Definition: A permutation is a one-one mapping of a non-empty set onto itself.

Let S={a1, a2, ..., an} be a finite set and p is a permutation on S, we list the elements of S and the

corresponding functional values of p(a1), p(a2), ..., p(an) in the following form:

O a a . a,d

000 p(a1) p(az) . . . p(an)00O0O

If p: S — Sisa bijection, then the number of elements in the given set is called the degree of its

permutation.
Note: For a set with three elements, we have 3! permutations.
Example: Let S = {1, 2, 3}. The permutations of S are as follows:

01 2 30 01 2 30 01 2 30 01 2 30 01 2 30 01230

P1=0001 23000, P.=0002 13000 ; Ps=0002 31000 ; P4+=0003 2 1000;
Ps=0003 12000 ; Pe=0001 3 2000

Example: Let S={1, 2, 3,4} and p : S — S be given by f(1) = 2, f(2) = 1, f(3) = 4, f(4) = 3. Write
this in permutation notation.
Solution: The function can be written in permutation notation as given below:

01 2 3 40
f=002 1 43000

O
Identity Permutation: If each element of a permutation be replaced by itself, then such a
permutation is called the identity permutation.

|
Oat a? ..a"

Example: Let S = {a1, a2, , an}.then I=00a: a2 ... an0O0O0O is the identity permutation on S.

a
Equality of Permutations: Two permutations f and g of degree n are said to be equal if and only if

f(a) =g(a) forall a € S.
Example: LetS={1, 2, 3,4}
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01 2 3 40 04 1 3 20
f=003 1 24000 ;9=0004 3 2 1000

0
We have f(1)=9(1)=3

f2) =g(2) = 1 f(3) =
9(3) =2 f(4) = g(4) = 4

ie., f(@) =g(a) foralla € S.
Product of Permutations: (or Composition of Permutations)
Oa b .. hO Oa b .. hO

Let S={ab,...h}andletO0f(a)  f(b) .. f (h)0Oo,9=0009(a) g(b)

..g(hOpoO g
We define the composite of f and g as follows: /> g =000

fa(@) fo) ... f (hh)OOOOoOOOOg(aa)  g(bb)

...... g(hh)0OOO O

=0000 f (ga(a))f (gb(b))......F (gh(h))DOOD

Clearly, f - g is a permutation.

01 2 3 40 01 2 3 40
Example: Let S={1, 2, 3,4} and letf=002 1 43g00andg=0004 1 2
fogandge
0
f in the permutation from.
01 2 3 40 01 2 3 40

Solution: > g=0032 41000 ;g°/=00013 4 2000

a

Note: The product of two permutations of degree n need not be commutative. Inverse
of a Permutation:

Oal a2 .. a”l:I

If fis a permutation on S = {a1, a2, , an} such that f 0O00b: bz .... brOoO0O
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then there exists a permutation called the inverse f, denoted flsuchthatfoft=f1o f=
| (the identity permutation on S)

where fmO000baur baz2 ... ba m
oooo o
Example: If f:DDDlZ 24 33 14DDDD, then find f_l, and show that f of_1
= f_lof: IO

Solution: f-1 =00012 24 33140000=00001412 33 420000
O

fof~1=00012 24 33140000000001412  33420000=00001122 33 440000
O

Similarly, f Lof=l=foft=f1or=1.

Cyclic Permutation: Let S ={a1, a2, ..., an} be a finite set of n symbols. A permutation f defined

on S is said to be cyclic permutation if f is defined such that f(a1) = a2, f(a2) = a3, ...., f(an-1) =
an and f(an) = a1. Example: Let S = {1, 2, 3, 4}.

01 2 3 40
Then 00 4 3 2 1000=(1 4)(2 3) is a cyclic permutation.

ad

Disjoint Cyclic Permutations: Let S = {a1, a2, ..., an}. If f and g are two cycles on S such that they
have no common elements, then f and g are said to be disjoint cycles.

Example: LetS={1, 2, 3, 4, 5, 6}.
Iff=(145)andg=(236)then fand g are disjoint cyclic permutations on S.

Note: The product of two disjoint cycles is commutative.

01 2 3 4 5 6 70

Example: Consider the permutation f=0p002 3 4 5 1 7 6000

The above permutation f can be written as f = (1 2 3 4 5)(6 7). Which is a product of two disjoint
cycles.

Transposition: A cyclic of length 2 is called a transposition.
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Note: Every cyclic permutation is the product of transpositions.

01 2 3 4 50
Example: f=002 4 5 1 3000=(124)35)=(14)(12)(@35).

O

Inverse of a Cyclic Permutation: To find the inverse of any cyclic permutation, we write its
elements in the reverse order.

For example, (1234) 1=4321).
Even and Odd Permutations: A permutation f is said to be an even permutation if f can be
expressed as the product of even number of transpositions.
A permutation f is said to be an odd permutation if f is expressed as the product of odd number of
transpositions.
Note:
(1) An identity permutation is considered as an even permutation.
(i) A transposition is always odd.
(iii). The product of an even and an odd permutation is odd. Similarly the product of an

odd permutation and even permutations is odd.

Example: Determine whether the following permutations are even or odd permutations.

() f=00012 24 33 14 S50000
O

(i) g=00012 52 37 84 56 16 74 830000
O

01 2 3 4 SO

(ijh=0004 3 1 2 5000

01 2 3 4 500
Solution: (i). Forf=002 4 3 1 5000=(124)=(14)(12)

d
= f is an even permutation
01 2 3 4 5 6 7 80

7 8 6 1 4
(i1). Forg = I][]2 .

O 300
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=(1256)(3748)=(16)(15)(12)(38)(34)(37)
= g is an even permutation.

(iiiyh=00014 32 13 42  550000=(1423)=(13)(1
2)(14)0O
Product of three transpositions

= h is an odd permutation.

Lattices

In this section, we introduce lattices which have important applications in the theory and design of
computers.

Definition: A lattice is a partially ordered set (L, <) in which every pair of elements a, b € L has

a greatest lower bound and a least upper bound.
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Example: Let Z* denote the set of all positive integers and let R denote the relation ‘division® in
Z", such that for any two elements a, b € Z*, aRb, if a divides b. Then (Z*, R) is a lattice in
which the join of a and b is the least common multiple of a and b, i.e.
avb=a@b=LCMofaandb,
and the meet of a and b, i.e. a = b is the greatest common divisor (GCD) of aand b i.e.,
aAb=axb=GCDofaandb.
We can also write a+b = avb = aépb=LCM of a and b and a.b = aAb = axb=GCD of a and b.

Example: Let n be a positive integer and Sn be the set of all divisors of n If n = 30, S30 ={1, 2,

3,5, 6, 10, 15, 30}. Let R denote the relation division as defined in Example 1. Then (S30, R) is a
Lattice see Fig:

Example: Let A be any set and P (A) be its power set. The poset P (A), ) is a lattice in which the
meet and join are the same as the operations N and U on sets respectively. S = {a}, P (A)

= {9 {a}}
A={a}

¢
S={a, b}, P(A)={9 {a}, {a}, S}

{a, b}

{a} {b}

Some Properties of Lattice
Let (L, <) be a lattice and * and €@ denote the two binary operation meet and join on (L, <). Then

forany a, b, ¢ € L, we have

(L1): axa=a, (Ly:atPa=a (Idempotent laws)
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(L2): bxa =bx*a, (L2)' :a @b =b + a (Commutative laws)
(L3) : (a*xb)*c = ax(bxc), (L3) : (aDb)Pc = aP(b + c) (Associative laws)
(L4) :ax(a+b) = a,(L4), : a@(axb) = a (Absorption laws).
The above properties (L1) to (L4) can be proved easily by using definitions of meet and join.

We can apply the principle of duality and obtain (Ll)' to (L4) .
Theorem: Let (L, <) be a lattice in which * and € denote the operations of meet and join

respectively. Foranya, €L, a<b<< axb=aeadb=bh.

Proof: We shall first prove thata<b < ax*b=h.
In order to do this, let us assume that a <b. Also, we know that a < a.

Therefore a <a * b. From the definition of a * b, we have a * b <a.
Hencea<b=axb=a.

Next, assume that a = b = a; but it is only possible if a <b, thatis,a*b=a=a <bh.
Combining these two results, we get the required equivalence.

It is possible to show that a <b < a @ b = b in a similar manner.
Alternatively, from a * b = a, we have
b (@axb)y=bPa=a@Pb
butb @ (a*b)=b
Hence a @ b = b follows from a x b = a.
By repeating similar steps, we can show that a * b = a follows froma @ b = b.
Thereforea<bo axb=aeoadb=h.
O a*b Oa*c
Theorem: Let (L, <) be a lattice. Then b O ¢ OO
gaObOalc
Proof: By above theorema<b & axb=aca@ b=h.
To show that a * b <a * ¢, we shall show that (a x b) x (a*c)=a=xb
(@axb)x(@axc)=ax(b=*a)*c
—ax(@a*b)xc
=(ax*xa)*(bx*c)
=ax*(bx*c)
=ax*xh
~Ifb<cthena*b<axc.Next, leth<c=b&@c=c.

To show thata @ b <a @ c. It sufficient to show that (@ @ b) D (a P c) =a P c.
Consider,(a @ b)PD @Pc)=aPp(bPaPc

—a@dhb)dc
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=(aba)D(bDc)
=a® (b Do)
za@®b

~Ifb<cthena@b<apec.
Note: The above properties of a Lattice are called properties of Isotonicity.
Lattice as an algebraic system:
We now define lattice as an algebraic system, so that we can apply many concepts
associated with algebraic systems to lattices.

Definition: A lattice is an algebraic system (L, *,) with two binary operation _*‘and _@*‘ on L
which are both commutative and associative and satisfy absorption laws.

Bounded Lattice:

A bounded lattice is an algebraic structure (L,O,0,0,1) sucha that (L,0,0) is a lattice, and the

constants 0,1€ L satisfy the following:

1. for all xe L, xO1=x and xO1=1

2. for all xe L, x00=0 and xO0=x.

The element 1 is called the upper bound, or top of L and the element 0O is called the lower bound or
bottom of L.

Distributive lattice:

A lattice (L,v,A) is distributive if the following additional identity holds for all x, y, and z in L: X
AyVzZ)=(XAY)V(XAZ)

Viewing lattices as partially ordered sets, this says that the meet peration preserves nonempty finite
joins. It is a basic fact of lattice theory that the above condition is equivalent to its dual X V (y A 2)
=(xVy)A(xvz) forallx,y,andzinL.
Example: Show that the following simple but significant lattices are not distributive.

a) 1 b) 1

b

0 0

Solution a) To see that the diamond lattice is not distributive, use the middle elements of the lattice:
an(bvc)=anl=abut(anb)v(@nac)=0v0=0,anda+#0.
Similarly, the other distributive law fails for these three elements.
b) The pentagon lattice is also not distributive

Example: Show that lattice is not a distributive lattice.

p

O
; O (fm
On
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Sol. A lattice is distributive if all of its elements follow distributive property so let we verify the
distributive property between the elements n, I and m.
GLB(n, LUB(I, m)) = GLB(n, p) [~ LUB(Il, m) = p]

=n (LHS)
also LUB(GLB(n, I), GLB(n, m)) = LUB(o, n); [~ GLB(n, I) =0 and GLB(n, m) = n]
=n (RHS)
so LHS = RHS.
But GLB(m, LUB(I, n)) = GLB(m, p) [~ LUB(I, n) = p]
=m (LHS)
also LUB(GLB(m, I), GLB(m, n)) = LUB(o, n); [- GLB(m, I) = 0 and GLB(m, n) = n]
=n (RHS)

Thus, LHS # RHS hence distributive property doesn‘t hold by the lattice so lattice is not
distributive.
Example: Consider the poset (X, <) where X = {1, 2, 3, 5, 30} and the partial ordered relation <

is defined as i.e. if x and y €X then x <y means _x divides y*‘. Then show that poset (I+, <) is a
lattice.

Sol. Since GLB(x, y) =x Ay =lcm(x, y) and

LUB(X, y) =x Vv y=gcd(x,Y)

Now we can construct the operation table I and table Il for GLB and LUB respectively and the
Hasse diagram is shown in Fig.

Table I Table II
LUB 1 2 3 5| 30 GLB 1 2 3 5| 30
1 1 2z 3 5 30 1 1 1 1 1 ;|
2 2 2 30 30 30 2 1 2 1 1 2
3 3 30 3 30 30 3 1 1 3 : | 3
5 5 30 30 5 30 5 1 1 1 S5 5
30 30 30 30 30 30 30 1 2 3 5 30

Test for distributive lattice, i.e.,
GLB(x, LUB(y, z)) = LUB(GLB(x, y), GLB(X, 2))
Assume x =2,y =3 and z =5, then
RHS:GLB(2, LUB(3,5)) =GLB(2,30)=2
LHS: LUB(GLB(2, 3), GLB(2,5)) =LUB(1,1) =1
SinceRHS # LHS, hence lattice is not a distributive lattice.
Complemented lattice:
A complemented lattice is a bounded lattice (with least element 0 and greatest element 1), in which
every element a has a complement, i.e. an element b satisfyingavb=1andaAb=0.
Complements need not be unique.

Example: Lattices shown in Fig (a), (b) and (c) are complemented lattices.
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Sol.

For the lattice (a) GLB(a, b) =0 and LUB(x, y) = 1. So, the complement a is b and vise versa.
Hence, a complement lattice.

For the lattice (b) GLB(a, b) =0 and GLB(c, b) =0 and LUB(a, b) =1 and LUB(c, b) = 1; so both
a and c are complement of b.
Hence, a complement lattice.

In the lattice (c) GLB(a, ¢) = 0and LUB(a, ¢) = 1; GLB(a, b) =0 and LUB(a, b) = 1. So,
complement of a are b and c.

Similarly complement of c are a and b also a and ¢ are complement of b.

Hence lattice is a complement lattice.

Previous Questions

1. a) Let R be the Relation R={(x,y)/ x divides y )} . Draw the Hasse diagram?

b) Explain in brief about lattice?

c) Define Relation? List out the Operations on Relations 2. Define Relation? List
out the Properties of Binary operations?

3. Let the Relation R be R={(1,2) ,(2,3),(3,3)} on the set A= {1,2,3}. What is the Transitive
Closure of R?

4. Explain in brief about Inversive and Recursive functions with examples?

5. Prove that (S, <) is a Lattice, where S= {1,2,5,10} and < is for divisibility. Prove that it is also
a Distributive Lattice? 6. Prove that (S,<) is a Lattice, where S= {1,2,3,6} and <is for divisibility.
Prove thatitisalsoa  Distributive Lattice?

7. Let A be a given finite set and P(A) its power set. Let ggbe the inclusion relation on the

elements of P(A). Draw Hasse diagrams of (P(A), oo) for A={a}; A={a,b}; A={a,b,c} and
A={a,b.c.d}.

8. Let Fx be the set of all one-to-one onto mappings from X onto X, where X={1,2,3}. Find
all  the elements of Fx and find the inverse of each element. 9. Show that the function f(x) =

X+y is primitive recursive.

10. Let X={2,3,6,12,24,36) and a relation <* be such that x< if x divides y. Draw the Hasse
diagram of (x,<).

11.1f A={1,2,3,4} and P={{1,2},{3},{4}} is a partition of A, find the equivalence relation
determined by P.

12. Let X={1,2,3} and f, g, h and s be functions from X to X given by f={<1,2>, <2,3>, <3,1>}
g={<1,2>,<2,1>,<3,3>} h={<1,1>, <2,2>, <3,1>} and s={<1,1>, <2,2>, <3,3>}. Find fog,
fohog, gos, fos.
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13.  Let X={1,2,3,4} and R={<1,1>, <1,4>, <4,1>, <4,4>, <2 2>, <2,3>, <3,2>, <3,3>}. Write
the  matrix of R and sketch its graph.

14.Let X ={a,b,c,d,e} and let C = {{a,b},{c}.{d,e}}. Show that the partition C defines an
equivalence relation on X.

X/2; when xiseven

15.Show that the function f(x):D|:| IS primitive recursive.

0 (xO01)/2;whenxisodd

16. If A={1,2,3,4} and R,S are relations on A defined by R={(1,2),(1,3),(2,4),(4,4)}
S={(1,1),(1,2),(1,3),(1,4),(2,3),(2,4)} find R0 S, S 0 R, R?, S2, write down there matrices.

17. Determine the number of positive integers n where 1<n<2000 and n is not divisible by2,3 or
5 but is divisible by 7.

18. Determine the number of positive integers n where 1<n<100 and n is not divisible by2,3 or 5.

19. Which elements of the poset /({2,4,5,10,12,20,25},/) are maximal and which are minimal? 20.
Let X={(1,2,3} and f,g,h and s be functions from X to X given by f={(1,2),(2,3),(3,1)},
9={(1,2),(2,1),(3,3)}, h={(1,1),(2,2),(3,1) and s={(1,1),(2,2),(3,3)}-

Multiple choice questions

1A is an ordered collection of objects.
a) Relation b) Function  c) Set d) Proposition Answer: ¢
2. The set O of odd positive integers less than 10 can be expressed by .
a) {1, 2,3} b) {1, 3,5, 7, 9} c){1,2,59}d){1,5,7,9,
11}
Answer: b
3. Power set of empty set has exactly subset.
a) One b) Two c) Zero d) Three Answer: a

4. What is the Cartesian product of A = {1, 2} and B = {a, b}?
a)  {(1,a),(1,D) (24), (b b} b){d1 1) (2 2),( a) (bb)}
c) {1, a), (2, a), (1, b), (2, b)} d) {(1,1), (a a), (2, a), (1, b)}

Answer: ¢

5. The Cartesian Product B x A is equal to the Cartesian product A x B. Is it True or False?

a) True D) False Answer: b

6. What is the cardinality of the set of odd positive integers less than 10?

a) 10b) 5 c)3 d)20 Answer:b

7. Which of the following two sets are equal?

a) A={1,2}and B ={1} by A={1,2}and B={1, 2, 3}
c)A={1,2,3}andB={2,1,3}y d)A={1,2,4}andB={1, 2,3}
Answer: ¢

8. The set of positive integers is .

a) Infinite b) Finite ) Subset d) Empty
Answer: a

9. What is the Cardinality of the Power set of the set {0, 1, 2}.
a8 b)6 c)7 d)9
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Answer: a
10. The members of the set S = {x | x is the square of an integer and x < 100} is-----
a) {0, 2, 4,5, 9, 58, 49, 56, 99, 12} b) {0, 1, 4, 9, 16, 25, 36, 49, 64, 81}
c) {1, 4,9, 16, 25, 36, 64, 81, 85, 99} d) {0, 1, 4,9, 16, 25, 36, 49, 64, 121}
Answer: b
11. Let R be the relation on the set of people consisting of (a,b) where aa is the parent of b. Let S
be the relation on the set of people consisting of (a,b) where a and b are siblings. What are SeR
and RoS?
A) (a,b) where a is a parent of b and b has a sibling; (a,b) where a is the aunt or uncle of b.
B) (a,b) where a is the parent of b and a has a sibling; (a,b) where a is the aunt or uncle of b.
C) (a,b) where a is the sibling of b's parents; (a,b) where aa is b's niece or nephew.
D) (a,b) where a is the parent of b; (a,b) where a is the aunt or uncle of b.
12. On the set of all integers, let (X,y)ER(X,y)€R iff xy>1xy>1. Is relation R reflexive,
symmetric, antisymmetric, transitive?
A) Yes, No, No, Yes B) No, Yes, No, Yes
C) No, No, No, Yes D) No, Yes, Yes, Yes E) No, No, Yes, No
13. Let R be a non-empty relation on a collection of sets defined by ARB if and only if AN B
= @Then (pick the TRUE statement)

AR is relexive and transitive B.R is symmetric and not transitive
C.Ris an equivalence relation D.R is not relexive and not symmetric
Option: B

14. Consider the divides relation, m | n, onthe set A={2, 3,4, 5, 6, 7, 8, 9, 10}. The cardinality
of the covering relation for this partial order relation (i.e., the number of edges in the Hasse
diagram) is

(@4 (b)6 (c)5 (d)8 (e) 7
Ans:e

15. Consider the divides relation, m | n, onthe set A={2, 3,4, 5, 6, 7, 8, 9, 10}. Which of the

following permutations of A is not a topological sort of this partial order relation?

(@ 7,2,3,6,9,54,10,8 (b) 2,3,7,6,9,5,4,10,8
(c) 2,6,3,9,5,7,4,10,8 (d) 3,7,2,9,5,4,10,8,6
(e) 3,2,6,9,5,7,4,10,8

Ans.c

16. LetA={2,3,4,56,7,8,9, 10,11, 12, 13, 14, 15, 16} and consider the divides relation
on A. Let C denote the length of the maximal chain, M the number of maximal elements, and
m the number of minimal elements. Which is true?
@C=3,M=8,m=6 (b)C=4,M=8,m=6
c)C=3,M=6,m=6 (dC=4,M=6,m=4
e C=3,M=6,m=4
Ans:a
17. What is the smallest N > 0 such that any set of N nonnegative integers must have two distinct
integers whose sum or difference is divisible by 1000?
(a) 502 (b) 520 (c) 5002 (d) 5020 (e) 52002
Ans:a
18. Let R and S be binary relations on a set A. Suppose that R is reflexive, symmetric, and transitive and
that S is symmetric, and transitive but is not reflexive. Which statement is always true for any such R
and S?
(@) R U Sissymmetric but not reflexive and not transitive.
(b) R U Sissymmetric but not reflexive.
(c) R U Sistransitive and symmetric but not reflexive
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(d) RuU Sis reflexive and symmetric. (€) R U S is symmetric but not transitive. Ans:d

19. Let R be arelation on a set A. Is the transitive closure of R always equal to the transitive
closure of R?? Prove or disprove.
Solution: Suppose A ={1, 2, 3} and R ={(1, 2),(2, 3)}. Then R2 = {(1, 3)}.
Transitive closure of R is R+ = {(1, 2),(2, 3),(1, 3)}.
Transitive closure of R%is {(1, 3)}.
They are not always equal.
20. Suppose R1 and R2 are transitive relations on a set A. Is the relation R1 U R2 necessariy a
transitive relation? Justify your answer.
Solution: No. {(1, 2)} and {(2, 3)} are each transitive relations, but their union
{(1, 2),(2, 3)} is not transitive.
21. Let D3 ={1, 2, 3, 4,5, 6, 10, 15, 30} and relation | be partial ordering on D3o. The all lower
bounds of 10 and 15 respectively are
Al3 B.1,5 C.1,35 D.None of these Option: B
22. Hasse diagrams are drawn for
A.partially ordered sets B.lattices C.boolean Algebra  D.none of these
Option: D
23. A self-complemented, distributive lattice is called
A.Boolean algebra  B.Modular lattice C.Complete lattice  D.Self dual lattice
Option: A
24. Let D30={1, 2, 3,5, 6, 10, 15, 30} and relation | be a partial ordering on D30. The lub of
10 and 15 respectively is
A.30 B.15 C.10 D.6 Option: A
25: Let X=1{2, 3, 6, 12, 24}, and < be the partial order defined by X <Y if X divides Y.
Number of edges in the Hasse diagram of (X, <) is
A3 B4 C5 D.None of these
Option: B
26. Principle of duality is defined as
A.<is replaced by > B.LUB becomes GLB
C.all properties are unaltered when <is replaced by >
D.all properties are unaltered when < 1is replaced by > other than 0 and 1 element.
Option: D
27. Different partially ordered sets may be represented by the same Hasse diagram if they are
A.same B.lattices with same order ~ C.isomorphic D.order-isomorphic
Option: D
28. The absorption law is defined as
Aa *(a*b)=b Ba*(a@b)=b Ca*(a*b)=adbDa*(addb)=a
Option: D
29. A partial order is deined on the set S = {Xx, a1, a2, as,..... an, y} asx < aiforalliandai <Yy
for all i, where n > 1. Number of total orders on the set S which contain partial order <
is
Al Bn Cn+2 D.n! Option: D
30. Let L be a set with a relation R which is transitive, antisymmetric and reflexive and for any
two elements a, b € L. Let least upper bound lub (a, b) and the greatest lower bound glb (a,
b) exist. Which of the following is/are TRUE ?
A.L is a Poset B.L is a boolean algebra C.L is a lattice D.none of these
Option: C
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UNIT-3
Algebraic Structures

Algebraic Systems with One Binary Operation

Binary Operation
Let S be a non-empty set. If f: S < S — S is a mapping, then f is called a binary
operation or binary composition in S.

The symbols +, -, *, @ etc are used to denote binary operations on a set.

Fora,b €S =a+b€S= +isabinary operation in S.
Fora,b€S=a-beS=-isabinary operation in S.
Fora,b€S=a°b €S = cisabinary operation in S.

Fora,b € S=axb €S = xisabinary operation in S.
This is said to be the closure property of the binary operation and the set S is said to
be closed with respect to the binary operation.

Properties of Binary Operations

Commutative: * is a binary operationinaset S. If fora, b € S, a* b =b * a, then * is said to be
commutative in S. This is called commutative law.

Associative: * is a binary operation in a set S. If for a, b, ¢ € S, (axb)*c = ax(bxc), then * is said to
be associative in S. This is called associative law.

Distributive: o, * are binary operations in S. If fora, b,c € S, (i)a° (b * c) = (a°b) * (a > ¢), (ii)

(b*xc)ea=(be-a)*(cea),then - issaid to be distributive w.r.t the operation *.
Example: N is the set of natural numbers.

Q) +, - are binary operations in N, since fora,b € N,a+b eNanda - b € N. In other
words N is said to be closed w.r.t the operations + and .

(i) +, - are commutative in N, since fora,beN,a+b=b+aanda-b=b"a.

(iii)  +, - are associative in N, since fora,b,ceN,a+(b+c)=(a+b)+canda-(b-c)=
(a-b)-c.

(iv)  isdistributive w.r.t the operation + in N, since fora,b,ceN,a-(b+c)=a-b+a-c
and(b+c)-a=b-a+c-a.

(V) The operations subtraction (—) and division (<) are not binary operations in N, since

for 3,5 € N does not imply 3 — 5 € N and 35 eN. Example: A is the set of even

integers.

(i) +, - are binary operations in A, since fora,b€ A,a+b€Aanda-b e€A.

(i)

(i)

+, - are commutative in A, since fora,be A,ja+b=b+aanda-b
=b-a.

+, - are associative in A, since fora,b,c€A,a+(b+c)=(a+b) +
canda:-(b-c)=(a-b)-c.

(iv) - is distributive w.r.t the operation + in A, since fora, b,c € A, a -

(b+tc)=a-b+a-cand(b+c)-a=b-a+c-a.
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Example: Let S be a non-empty set and  be an operation on S defined by a-b=afora, b €S.
Determine whether o is commutative and associative in S.

Solution: Sincea~-b=afora,beSandb-a=bfora,b€S.
>a°bb-a.
~ ° is not commutative in S.
Since(@a°b)ec=acc=aa°(bec)=a-
b=afora, b,c€S.

-~ o is associative in S.

Example: o is operation defined on Z such thata-b=a+ b — ab for a, b € Z. Is the operation - a
binary operation in Z? If so, is it associative and commutative in Z? Solution: If a, b € Z, we
havea+b€eZ abeZanda+b—-abeZ.

=>a°b=a+b—abe€L
-~ o is a binary operation in Z.
=>a°b=b-a.

~ o is commutative in Z.
Now
(@°b)ec=(@°b)+c—(a°b)c
=a+b—ab+c—(a+b—ab)c
=a+b—ab+c—ac— bc+abcand
ac(becy=a+(beoc)—a(bec)
=at+b+c—bc—ab+c— b
=a+b+c—bc—ab— ac+abc
=a+b—ab+c—ac— bc+abc

= (acb)cc=a-(be°c). ~
o iS associative in Z.

Example: Fill in blanks in the following composition table so that » is associative in S = {a,b,c,d}.

olalbf|c]|d
a a b c d

Solution: dea=(c°b)ca[+ceob=d]

=co(b°a) [+ -isassociative]
=ce°b
=d
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deb=(ceob)eb=ce(beb)=cca=c.d
occ=(cob)ec=co(bec)=ceoc=cC.de
d=(cob)°(ce°b)

=co(beoc)ob

=ceocob

=co(c°b)

=ceod

=d

Hence, the required composition table is

ola|bfc
alalbfc|d
bl|bja|c|d

Example: Let P (S) be the power set of a non-empty set S. Let N be an operation in P (S). Prove that
associative law and commutative law are true for the operation in P (S).

Solution: P(S)= Set of all possible subsets of S.
Let A,B € P(S).
SinceACS,BSS=>ANBCS=ANBEPS). -
N is a binary operation in P (S).
AlsoANB=BNA
~ N is commutative in P (S).
AgainANB,BNC,(ANB)NCandAN (BN C)are subsets of S.

~(ANB)NC,AN(BNC)EP(S).
Since(ANB)NC=ANBNC)
~ N is associative in P (S).

Algebraic Structures

Definition: A non-empty set G equipped with one or more binary operations is called an algebraic
structure or an algebraic system.

If - is a binary operation on G, then the algebraic structure is written as (G, °). Example:

(N, +), (Q, -), (R, +) are algebraic structures.

Semi Group

Definition: An algebraic structure (S, °) is called a semi group if the binary oper-ation ° is
associative in S.

That is, (S, °) is said to be a semi group if
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(i) aabeS=>a-beSforalla,beS

(i(@-b)ec=ac(boc)foralla b, c€S.

Example:

1. (N, +) isasemigroup. Fora,beN=>a+beNanda,b,ceN=(a+h)+c=at(b+c).
2. (Q, —) is not a semi group. For 5,3/2, 1 € Q does not imply (5—-3/2)-1=5—-(3/2-1).

3. (R, +) isasemigroup. Fora,beR=>a+b€eRanda,b,ceR=>(a+b)+c=at+(b+c).
Example: The operation ° is defined by a - b = a for all a, b € S. Show that (S, °) is a semi group.

Solution: Leta,b€S=>a-b=a€Ss.

~ o isabinary operationinS. Leta,b,c€S,a°(boc)=a-b=a
(@a°b)ec=ac-c=a.

= o is associative in S.

=~ (S, °) is a semi group.

Example: The operation - is defined bya-b=a+b —ab forall a, b € Z. Show that (Z, <) isa
semi group.

Solution: Leta,beZ=>a-b=a+b—-abeZ.
= o is a binary operation in Z.

Leta, b,c € Z
(@°b)ec =(@a+b-ab)-c
za+b—ab+c—(a+b—ab)c =a+b+c—ab— bc—ac+abc

ac(b°c) =ac(b+c—bc)
=a+((b+c—bc)—ab+c— bc)
=at+tb+c—bc—ab—ac+abc=>(@a-b)oc=ac-(b-c).

= o is associative in Z. . (Z, °) is semi group.

Example: (P (S), N) is a semi group, where P (S) is the power set of a non-empty set S.
Solution: P (S)= Set of all possible subsets of S. Let A, B € P (S).
SinceACS,BSS=ANBCSS=ANBEP(S).

~ N is a binary operation in P (S). Let A, B, C € P (S).
~(ANB)NC,ANBNC)eP(S).Since(ANB)NC

=ANBNC)

=~ N is associative in P (S).

Hence (P (S), N) is a semi group.

Example: (P (S), V) is a semi group, where P (S) is the power set of a non-empty set
S. Solution: P (S)= Set of all possible subsets of S. Let A, B € P (S).
SinceASS,BSS=AUBCSS=>AUBEP(S).

~ U is a binary operation in P (S). Let A, B, C € P (S).
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~(AUB)UC,AU(BUC)€EP(S).Since(AuB)UC=AU(BU
C) -~ U is associative in P (S).

Hence (P (S), L) is a semi group.
Example: Q is the set of rational numbers, < is a binary operation defined on Q such thata°b=a —

b +ab fora, b € Q. Then (Q, °) is not a semi group.

Solution: For a, b, c € Q,
(@°b)yec=(a-b)—c+(a-h)c
=a—b+ab—c+(a—b+ab)c =a—b+ab— c+ac— bc+abc
ac(becy=a—(bec)+a(bec)

=a — (b —c+bc)+a(b — cpue)
=a—b+c— bc+ab— ac+abc.
Therefore, (a°b)°>c=/a°(b-c).

Example: Let (A, *) be a semi group. Show that fora, b,cinAifa*xc=c*xaandbxc=c b,
then (axb) *xc=c* (a xb).
Solution: Given (A, ) be asemi group,a*xc=cx*aandb*c=c=*Db.
Consider
(@xb)xc=a=(b=*c)[Aisseme group]
=a*x(c*xb)[“b*xc=cx*Db]
=(a*c) = b [~ Aisseme group]
=(c*xa)*b[+a*xc=c=*a]
=c * (a * b) [+~ A is seme group].

Homomorphism of Semi-Groups
Definition: Let (S, *) and (T, °) be any two semi-groups. A mapping f : S — T such that for any

two elements a, b € S, f(a * b) =f(a) ° A(b) is called a semi-group homomorphism.

Definition: A homomorphism of a semi-group into itself is called a semi-group en-domorphism.
Example: Let (S1, *1), (S2, *2) and (S3, *3) be semigroups and f : S1 — S2 and g : S2 — S3 be
homomorphisms. Prove that the mapping of g ° /- S1 — S§3 is a semigroup homomorphism.
Solution: Given that (S1, *1), (S2, *2) and (S3, *3) are three semigroups and f : S1 —

S2 and g : S2 — §3 be homomorphisms. Let
a, b be two elements of S1.

(9 f)(a 1 b) = g[f(a *1 b)]
= g[f(a) *2 f(b)] (- f is a homomorphism)
= g(f(a)) *3 g(f(b)) (*+ g is a homomorphism)
=(g ° f)(a) *3 (g ° H(b)

= g © fis a homomorphism.

87



Identity Element: Let S be a non-empty set and ° be a binary operation on S. If there exists an
elemente € Ssuchthata-e=e-a=a, fora €S, then e is called an identity element of S.
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Example:

(1) Inthe algebraic system (Z, +), the number O is an identity element.

(ii) In the algebraic system (R, -), the number 1 is an identity element. Note:
The identity element of an algebraic system is unique.

Monoid

Definition: A semi group (S, °) with an identity element with respect to the binary operation
Is known as a monoid. i.e., (S, °) is a monoid if S is a non-empty set and ° is a binary operation
in S such that - is associative and there exists an identity element w.r.t o.
Example:

1. (Z, +) is amonoid and the identity is O.

2. (Z, +) isamonid and the identity is 1.

Monoid Homomorphism
Definition: Let (M, *) and (T, ) be any two monoids, em and et denote the identity elements

of (M, =) and (T, °) respectively. A mapping f : M — T such that for any two elements a, b €

M, f(axb)=f(@)-Ab)and f(em) = etis called a monoid homomorphism.

Monoid homomorphism presents the associativity and identity. It also preserves

commutative. If a € M is invertible and a1 € M is the inverse of a in M, then f(afl) Is the

inverse of f(a), i.e., f(a 1) = [f(@)] .

Sub Semi group

Let (S, *) be a semi group and T be a subset of S. Then (T, *) is called a sub semi group of (S,

*) whenever T is closed under *. i.e.,a*xb €T, foralla,beT.

Sub Monoid
Let (S,*) be a monoid with e is the identity element and T be a non-empty subset of S. Then

(T, =) is the sub monoid of (S, *) ife € Tanda * b € T, whenever a, b € T . Example:

1. Under the usual addition, the semi group formed by positive integers is a sub semi group of
all integers.

2. Under the usual addition, the set of all rational numbers forms a monoid. We denote it (Q,
+). The monoid (Z, +) is a submonid of (Q, +).

3. Under the usual multiplication, the set E of all even integers forms a semi group.

This semi group is sub semi group of (Z, -). But it is not a submonoid of (Z, -), because 1=/E.

Example: Show that the intersection of two submonoids of a monoid is a monoid.
Solution: Let S be a monoid with e as the identity, and S1 and S2 be two submonoids of S.

Since S1 and S2 are submonoids, these are monoids. Therefore e € S1 and e € S2.
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Since S1 NS2 is a subset of S, the associative law holds in S1 NS2, because it holds in S.
Accordingly S1 N S2 forms a monoid with e as the identity.

Invertible Element: Let (S,°) be an algebraic structure with the identity element e in S w.r.t

o. An element a € S is said to be invertible if there exists an element x€ Ssuch that a o x = x ©

a=e.

Note: The inverse of an invertible element is unique.

From the composition table, one can conclude

1. Closure Property: If all entries in the table are elements of S, then S closed under .

2. Commutative Law: If every row of the table coincides with the corresponding column, then
° is commutative on S.

3. Identity Element: If the row headed by an element a of S coincides with the top row, then a
is called the identity element.

4. Invertible Element: If the identity element e is placed in the table at the intersection of the

row headed by a’and the column headed by b thenb *=aanda l=h. Example: A =
{1, o, a)z}.

ololw |l

w2 w2] 1 w

From the table we conclude that

1. Closure Property: Since all entries in the table are elements of A. So, closure property
is satisfied.
2. Commutative Law: Since 1%, 2" and 3" rows coincides with 1%, 2" and 3"%columns

respectively. So multiplication is commutative on A.
3. Identity Element: Since row headed by 1 is same as the initial row, so 1 is the identity
element. 4. Inverses: Clearly 11=1,0 1= (cuz)fl = w.

Groups

Definition: If G is a non-empty set and  is a binary operation defined on G such that the
following three laws are satisfied then (G, °) is a group.

Associative Law: Fora, b,ce€ G, (a°b)oc=a-(b°c)
Identity Law: There existse € Gsuchthatace=a=e-aforeveryae€ G, eiscalled an
identity element in G.

Inverse Law: For each a € G, there exists an element b € G such that a°b = bca=¢, b is
called an inverse of a.

Example: The set Z of integers is a group w.r.t. usual addition.
().Fora,bezZ=a+beZz
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(if). Fora,b,ceZ,(a+b)+c=a+ (b +c)

(iii).0 € Zsuchthat0+a=a+0=aforeacha€e G
=~ 0 is the identity element in Z.

(iv). For a € Z, there exists —a € Zsuch thata + (—a) = (—a) +a=0.
~ —alistheinverse ofa. (Z, +) isa

group.
Example: Give an example of a monoid which is not a group.
Solution: The set N of natural numbers w.r.t usual multiplication is not a group. (i).

Fora,beN=a-b.
(if). Fora,b,ceN,(a-b)-c=a- (b - c).
(ifi).1eNsuchthatl-a=a-1=a, foralla€N.
~ (N, ) is a monoid.
(iv). Thereisnon € Nsuchthata-n=n-a=1fora€N.
= Inverse law is not true.

=~ The algebraic structure (N, -) is not a group.
Example: (R, +) is a group, where R denote the set of real numbers.

Abelian Group (or Commutative Group): Let (G, *) be a group. If * is com-mutative that is
axb=Db=xaforall a, b € Gthen (G, *) is called an Abelian group.

Example: (Z, +) is an Abelian group.

Example: Prove that G = {1, w, a)2} is a group with respect to multiplication where 1, w, W’

are cube roots of unity.
Solution: We construct the composition table as follows:

2
1 w w
2
1 1 w w
2 3
o | w w ow=1
2 2 3 4
o |lo |lo=1 |lo=w

The algebraic system is (G, -) where > =1and multiplication - is the binary opera-tion on G.
From the composition table; it is clear that (G, -) is closed with respect to the oper-ation
multiplication and the operation - is associative.

1 is the identity elementin Gsuchthatl-a=a=a"- 1, VaeG.
Each element of G is invertible

1.1-1=1= 1isitsown inverse.

2.0 (02 = o)3 =1= coz is the inverse of ® and o is the inverse of 032 in G.
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~(G,-)isagroupanda-b=b-a,Va, b€ G, that is commutative law holds in

G with respect to multiplication.

~ (G, ) is an abelian group.

Example: Show that the set G = {1, —1, i, —i} where i = 1 is an abelian group with respect to
multiplication as a binary operation. Solution: Let us construct the composition table:

1 111 | —i
111 (-2 0 |—i
oo S el O A ey A
I =i |-1( 1
1| =i |1 1( -1

From the above composition, it is clear that the algebraic structure (G, ) is closed and
satisfies the following axioms:

Associativity: For any three elementsa, b,c € G, (a-b) - c=a: (b c).
Since

1-(-1-0)=1-—-i=—i

L--1-i=-1-i=-i

=>1-(-1-)=@Q--1)-i
Similarly with any other three elements of G the properties holds. -
Associative law holds in (G, ).

Existence of identity: 1 is the identity element in (G, ) suchthat1-a=a=a-1,Va€G.
Existence of inverse:1-1=1=1-1= 1isinverse of 1.

(-1)-(-1)=1=(-1) - (-1) = —1listheinverse of (—1)

I-(-i)=1=—i-i= —iistheinverse of i in G.

—i-i=1=1i-(—i)=iisthe inverse of —i in G.

Hence inverse of every element in G exists.
Thus all the axioms of a group are satisfied. Commutativity:

a-b=b-a,va,be GholdinG.
1-1=1=1-1;-1-1=-1=1--1
i-1=i=1-i;i-—i=—-i-i=1etc.

Commutative law is satisfied.

Hence (G, ') is an abelian group.

Example: Prove that the set Z of all integers with binary operation * defined bya*b=a+Db
+ 1,V a, b€ Zisan abelian group. Solution:
Closure: Leta,b € Z. Sincea+beZanda+b+1€Z.

~ Z is closed under .
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Associativity: Leta, b, c € Z.

Consider (axb)*c=(a+b+1)*c
—a+b+1+c+1
=a+b+c+2also

ax(bxc)=ax(b+c+1)
=a+tb+c+1+1 =a+tb+c+2
Hence (a*xb) xc=ax* (b xc)fora,b,c€Z.
Existence of Identity: Leta € Z. Lete € Zsuchthate xa=ax*e=a,i.e,ate+1
-a
>e=-1
e = —1 is the identity element in Z.
Existence of Inverse: Leta € Z. Letb € Zsuch thata * b =e.

=~ For every a € Z, there exits —2—a € Z such that a*(—2—a) = (—2—a)*a = —1.

=~ (Z, *) is an abelian group.
Example: Show that the set Q+ of all positive rational numbers forms an abelian group under
the composition defined by ° such that a - b = ab/3 for a, b € Q+. Solution: Q+ of the set of all
positive rational numbers and for a, b € Q+, we have the operation ° such that a - b = ab/3.
Associativity: a,b,c € Q+= (acb).c=a-°(b-c).

Since abe Q+ and ab/3e Q+.

Associativity: a,b,c€Q+= (a°b)oc=a-° (b°c).
Since (a°b)cc=(abl3)°c=[ab/3 .c]/3=a/3(bc/3)=al3(beoc)=ac°(b-c).

Existence of Identity: Let a € Q+. Lete € Q+ such thate - a=a.

ie,ea/l3=a
=ea—-3a=0=(—-3)a=0
=>e¢-3=0 (+a=/0)
=>e=3

-~ e = 3 is the identity element in Q+.
Existence of Inverse: Let a € Q+. Letb € Q+such thata-b =e.
=ab/3=3
b=9/a (~a=/0)
=~ For every a € Q+, there exists 9/a € Q+ such thata-9/a=9/4a-a=3.

Commutativity: Leta,be Q+=>a-b=b-a.
Sinceacb=ab/3=bha/3=b-a.
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(Q+, °) is an abelian group.

Exercises: 1. Prove that the set G of rational numbers other than 1 with operation & such that
a@b=a+b—abfora, b€ G isabelian group.

2. Consider the algebraic system (G, ), where G is the set of all non-zero real numbers and *

IS a binary operation defined by: a x b = ab, , Va, b € G. Show that (G, ) is an
Addition modulo m

We shall now define a composite known as —addition modulo ml where m is fixed integer. If
a and b are any two integers, and r is the least non-negative reminder obtained by dividing the
ordinary sum of a and b by m, then the addition modulo m of a and b is r symbolically a +m b
=r,0<r<m.

Example: 20 +6 5 = 1, since 20 + 5 = 25 = 4(6) + 1, i.e., 1 is the remainder when 20+5 is
divisible by 6. Example: —15 +5 3 = 3, since =15+ 3 = —-12 = 3(-5) + 3.
Multiplication modulo p

If a and b are any two integers, and r is the least non-negative reminder obtained by dividing
the ordinary product of a and b by p, then the Multiplication modulo p of a and b is r
symbolically axpb=r,0<r<np.

Example: Show that the set G ={0, 1, 2, 3, 4} is an abelian group with respect to addition
modulo 5.

Solution: We form the composition table as follows:
+5 |0 | 1| 2| 3 4

Since all the entries in the composition table are elements of G, the set G is closed with
respect to addition modulo 5.

Associativity: For any three elements a, b, c € G, (a +5b) +5 c and a +5 (b +5 ¢) leave the same
remainder when divided by 5. i.e., (a+5b) +5c=a +5 (b +5 ¢)
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(1+53)+54=3=1+5(3+54) etc.
Existence of Identity: Clearly 0 € G is the identity element, since we have

0+59=4=9+50,Vac€GC.
Existence of Inverse: Each element in G is invertible with respect to addition modulo 5.
0 is its own inverse; 4 is the inverse of 1 and 1 is the inverse of 4.
2 is the inverse of 3 and 3 is the inverse of 2 with respect to addition modulo 5 in G.

Commutativity: From the composition table it is clear that a+5 b =b+5a,V a, b € G.

Hence (G, +5) is an abelian group.

Example: Show that the set G= {1, 2, 3, 4} is an abelian with respect to multipli-cation
modulo 5.

Solution: The composition table for multiplication modulo 5 is

X

5| 1 2] 3| 4
1 | 1f 2| 3| 4

From the above table, it is clear that G is closed with respect to the operation x5 and the
binary composition x5 is associative; 1 is the identity element.

Each element in G has a inverse.
1 is its own inverse
2 is the inverse of 3
3 is the inverse of 2

4 is the inverse of 4, with respect to the binary operation x5.
Commutative law holds good in (G, x5).

Therefore (G, x5) is an abelian group.
Example: Consider the group, G = {1, 5, 7, 11, 13, 17} under multiplication modulo 18.

Construct the multiplication table of G and find the values of: 51 77 tand 177L.
Example: If G is the set of even integers, i.e., G={ -, —4,-2,0, 2,4, - - - } then prove that

G is an abelian group with usual addition as the operation. Solution: Let a, b, c € G.
~ We can take a = 2x, b = 2y, ¢ = 2z, where X, y, z € Z.
Closure:a,beG=>a+beG.

Sincea+b=2x+2y=2(x+y) € G.

Associativity: a,b,ceG=>a+(b+c)=(a+b)+c
Since
a+(b+c)=2x+(2y+22)
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=2[x +(y + 2)]
=2[(x +y) +17]
=(2x + 2y) + 2z =(a+b)+c

Existence of Identity: a € G, there exists 0 € Gsuchthata+0=0+a=a. Sincea+0
=2x+0=2x=aand0+a=0+2x=2x=a -~ 0isthe identity in G.

Existence of Inverse: a € G, there exists —a € G such that a+(—a) = (—a)+a =
0.Sincea+ (—a)=2x+(-2x)=0and (—a) +a=(-2x) +2x=0. ~ (G, +) is a
group.

Commutativity: a,beG=a+b=b+a.
Sincea+b=2x+2y=2(x+y)=2(y+x)=2y +2x=b + a.

~ (G, +) is an abelian group.

Example: Show that set G = {x| x = 2330 for a, b € Z} is a group under multipli-cation.

Solution: Let x, y, z € G. We can take x = 2P39, y = 235 7 = 2!3™ where p, g, 1, s, I, m € Z.
We know that (i).p+r,q+s€Z

(ii). (p+n)+1=p+(r+1),(Q+s)+m=qg+(s+m).
Closure: x,yEG=>x-y€G.
Since x - y = (2°3%)(2"3%) = 2P*30%S € G. Associativity: x,y,ZzEG = (X-y) - z2=X- (y - 2)
Since (x - y) - z = (2P392"3%)(2'3M)

=2 (p+n)+H3(g+s)+m

=2p+(r+) g (s+m)
=(2P3%)(2"3%2'3™)
=X (y-2)
Existence of Identity: Let x € G. We know that e = 2930 € G, since 0 € Z.
o x e = 2P392030 = oP*030%0 = 5P30 = y ang e . x = 20302P39 = 2P3U = x. . e € G such
thatx -e=e-x=x
e =2%3"s the identity element in G.
Existence of Inverse: Let x € G.
Nowy =2 7379 € G exists, since —p, —q € Zsuchthat x - y =
2P30277377 = 2030 =g andy - x =273 92P39 = 2030 = ¢,
~ For every x = 2P39 € G there existsy = 277379 € Gsuch thatx y =y x=e. - (G, -) is a

group.
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Example: Show that the sets of all ordered pairs (a, b) of real numbers for which a =0 w.r.t the
operation * defined by (a, b) * (c, d) = (ac, bc + d) is a group. Is the commutative? Solution:
Let G ={(a, b)| a, b € R and a =/0}. Define a binary operation * on G by (a, b) * (c, d) = (ac,
bc + d), for all (a, b), (c, d) € G. Now we show that (G, *) is a group.

Closure: (a, b), (c,d) € G = (a, b) * (c, d) = (ac, bc + d) € G.

Since a=/0, ¢ =/0 = ac =/0.

Associativity: (a, b), (c, d), (e,f) € G= {(a, b) * (c, d)} * (e, f) = (a, b) * {(c, d) (e, )}.

Since {(a, b) * (c, d)} = (e, f) = (ac, bc + d) * (e, f)
= (ace, (bc + d)e + )
= (ace, bce + de +f)

Also (a, b) = {(c, d) = (e, )} = (a, b) * (ce, de + )
= (a(ce), b(ce) + de +f)
= (ace, bce + de +f)

Existence of Identity: Let (a, b)EG. Let (x, y)€ G such that (X, y)*(a, b)=(a,b)*(x, y)=(a, b)

= (xa,ya+b)=(a,b)
=>xa=a, yatbh=b

=>x=1,(ra=0)andya=0=>x=1andy =0 (~ a=0)
= (1, 0) € G such that (a, b) * (1, 0) = (a, b).
=~ (1, 0) is the identity in G.
Existence of Inverse: Let (a, b) € G. Let (x, y) € G such that (x, y) * (a, b) = (1, 0)

= (xa,ya+b)=(1,0)
Sxa=1lya+h=0=>x=at,y="4"
~ The inverse of (a, b) exits and it is (1/a,-b/a ).
Commutativity: Let (a, b), (c,d) € G = (a, b) * (c, d) =/(c, d) * (a, b)
Since (a, b) * (c, d) = (ac, bc + d) and (c, d) * (a, b) = (ca, da + b).
~ G is a group but not commutative group w.r.t x.

-1

Example: If (G, ) isagroup then (@ *b) *=b 1 xa Lforalla beG.

Solution: Let a, b € G and e be the identity element in G.
Leta € G = a ! € G suchthat axa ‘=a ‘xa=e and be G = b 1€ G such that bxb =b ™1
b=e.

Nowa,beG:a*beGand(a*b)_leG.
Consider
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(@xb)x (b lxah=ax[bx*®d txa ) (by associativity law)
=ax[(bxb ) xa ']
—ax(exa ) (bxbl=e)

1

—a*xa
=e

(e is the identity)

and
b lxal)x@xb)=bLtx[atx(@xh)
=b lx[@?!*a)xb]
=b L« [e*b]
=b lxp
=€
s@xb)xblxa =0 txa)x@xh)=e
(@xbh)y t=blxal foralla, b € G.
Note:
Lo laht=ap
2. (abc)-1=c-1b-1a-1

3. If (G, +) is a group, then —(a + b) = (=b) + (—a)
4. —(@a+b+c)=(—c)+(-b) + (—a).

Theorem: Cancelation laws hold good in G, i.e., foralla,b,ce Gaxb=ax*xc= b=c (left

cancelation law) b * a = ¢ * a = b = ¢ (right cancelation law). Proof: G is a group. Let e be

1 1

the identity elementinG.a€ G = a leGsuchthataxa ‘=a '+a=e.

Consider a
xhb=ax*c

>a 1« (@axh)= afl(a * C)
= (a_1 xa)* b= (a_1 * a) * ¢ (by associative law)

=>exb=exc (a_l is the inverse of a in G)
= b =c (e is the identity element in G)
andbxa=cx*a

= (b * a)a_1= (c*a)* at
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=b*(ax a_l) =cx*(ax* a_l) (by associative law)

=>bxe=cxe (':a*a_lze)

= b =c (e isthe identity element in G)

Note:

1. If Gis an additive group,a+b=a+c=>b=candb+a=c+a=b=c.

2. In a semi group cancelation laws may not hold. Let S be the set of all 2 x 2 matrices over
integers and let matrix multiplication be the binary operation defined on S. Then S is a semi
group of the above operation.

If A=00010000000; B=OOOO00
100000;C=000010000000, then A, B, C € S and AB = AC, we observe that left

O cancellation law is not true in the semi group.
3. (N, +) isasemi group. Fora,b,c €N at+b=a
+c=>b+candb+a=c+a=>b=c.
But (N, +) is not a group.
In a semigroup even if cancellation laws holds, then semigroup is not a group.

Example: If every element of a group G is its own inverse, show that G is an abelian group.
Solution: Let a, b € G. By hypothesis al=abl=bh

Then ab € G and hence (ab)_1 = ab.
Now

(ab) ! =ab
>blal=ab
= ba=ab

~ G is an abelian group.

Note: The converse of the above not true.
For example, (R, +), where R is the set of real numbers, is abelian group, but no element
except 0 is its own inverse.

Example: Prove that if a®= a, then a = e, a being an element of a group G.

Solution: Let a be an element of a group G such that a’=a. To prove that a =e. a’

—a=aa=a

-1

= (aa)a_1 —aa = a(aa_l) =e

=>ae:e[-.-aa_1:e]=>a:e[-.-ae:a]
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Example: In a group G having more than one element, if x? = X, for every x € G.
Prove that G is abelian.

Solution: Let a, b € G. Under the given hypothesis, we have a’= a, b? = b, (ab)2 = ab.
- a(ab)b = (aa)(bb) = a’h® = ab = (ab)? = (ab)(ab) = a(ba)b
= ab = ba (Using cancelation laws)

~ G is abelian.

Example: Show that in a group G, fora, b € G, (ab)2 = a’b? & G is abelian. (May. 2012)

Solution: Leta, b € G, and (ab)2 = a’b’. To prove that G is abelian.
Then

(ab)? = ah?
= (ab)(ab) = (aa)(bb)

= a(ba)b = a(ab)b (by Associative law) = ba = ab, (by cancellation
laws)

= G is abelian.

Conversely, let G be abelian. To prove that (ab)2 = a%v?.

Then (ab)? = (ab)(ab) = a(ba)b = a(ab)b = (aa)(bb) = a’h?.
***Example: If a, b are any two elements of a group (G, :), which commute. Show that

1.a Land b commute

2. b 1 and a commute

3.a tand b~ ! commute.
Solution: (G, -) is a group and such that ab = ba.

1. ab =ba = a *(ab) = a *(ba)

= (@ ta)b = a (ba)

=>eb= (a ‘b)a

=b=(a 'b)a

= ba ! =[(a b)aJa?
=(a lb)aa 1)
=(a h)e
=a b

= a L and b commute.
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1 ab =ba = (ab)b ! = (ba)b !
= a(bb 1) =
(ba)b~* =
ae = b(ab™ %)
= a=b(ab 1)
= b ta=b Y[b@ab 1)
=(b"'b)(ab )]

=e(ab Y
=ab?
= b ! and a commute.
2 ab=ba=(ab) *=(ba) ‘b ltalt=atlp?

= a tand b ! are commute.

Order of an Element
Definition: Let (G, *) be a group and a € G, then the least positive integer n if it exists such

that a" = e is called the order of a € G.

The order of an element a € G is be denoted by O(a).
Example: G = {1, —1, i, —i} is a group with respect to multiplication. 1 is the identity in G. 1t
=1°2=13=...=10) =1

12=(CD*=(¢1b=. . =1=0(-1 =2
i“=if=i?=...=1> 0(i) = 4
i)'=(i)t= =1 0(-)=4

Example: In a group G, a is an element of order 30. Find order of a°. Solution:
Given O(a) =30

= a¥l = e, e is the identity element of G. Let O(a5) =n

= @) "=e
= a" = e, where n is the least positive integer. Hence 30 is divisor of 5n.
~N=6.

Hence O(a5) =6
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Sub Groups
Definition: Let (G, *) be a group and H be a non-empty subset of G. If (H, *) is itself is

a group, then (H, =) is called sub-group of (G, *). Examples:

1. (Z, +) is a subgroup of (Q, +).
2. The additive group of even integers is a subgroup of the additive group of all

integers.
3. (N, +) is not a subgroup of the group (Z, +), since identity does not exist in N under
+.
Example: LetG={1,-1,i,—ifand H={1, —1}.

Here G and H are groups with respect to the binary operation multiplication and H is a subset
of G. Therefore (H, -) is a subgroup of (G, ).

Example: Let H=A{0, 2, 4} < Z6. Check that (H, +6) is a subgroup of (Z6, +6).
Solution: Z6 = {0, 1, 2, 3, 4, 5}.

+6 | O] 1 2| 3| 4] 5

= (Zs, +6) is a group.

H= {0, 2, 4}.
+6 | 0| 2| 4
0| o] 2 4
2 2 40
4 | 4| o] 2
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The following conditions are to be satisfied in order to prove that it is a subgroup. (i).
Closure: Leta,beH=a+6b € H.

0,2eEH=>0+62=2€H.
(ii). Identity Element: The row headed by 0 is exactly same as the initial row.
=~ 0 is the identity element.

(iii). Inverse: 0l= 0, 2 1= 4, 471=2
Inverse exist for each element of (H, +6).
=~ (H, +6) is a subgroup of (Z6, +6).
Theorem: If (G, *) isa group and H € G, then (H, *) is a subgroup of (G, *) if and only if
()a,beH=ax*beH;
(lacH=a leH.
Proof: The condition is necessary Let
(H, *) be a subgroup of (G, *).

To prove that conditions (i) and (ii) are satisfied.
Since (H, ) is a group, by closure property we have a, b € H = ab € H.

Also, by inverse property a € H = a leH.

The condition is sufficient:
Let (i) and (ii) be true. To prove that (H, *) is a subgroup of (G, *).
We are required to prove is: * is associative in H and identity e € H.

That = is associative in H follows from the fact that * is associative in G. Since H is

nonempty, let a € H=>a * € H (by (ii))

~a€HaleH=aaleH (by (i)
>e€eH(vaa'eH=>aa'eG=aa'=e, whereeisthe identity in G.) =
e is the identity in H.

Hence H itself is a group.
~ H is a subgroup of G.

Example: The set S of all ordered pairs (a, b) of real numbers for which a =/0 w.r.t the
operation x defined by (a, b) % (c, d) = (ac, bc + d) is non-abelian. Let H= {(1, b)| b € R} is a
subset of S. Show that H is a subgroup of (S, x).

Solution: Identity element in S is (1, 0). Clearly (1, 0) € H.

Inverse of (a, b) in Sis (1/a,-b/a) (- a =/0)
Inverse of (1, c) inSis (1, -c/1), i.e., (1, —c) Clearly

(Lo)eEH= (L, o) t=(1 ) eH.
Let (1, b) € H.
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(L, b) x (L, ¢) 1= (1, b) x (1, —¢)
=(11,bl-c)=(1,b-c)EH(~b-CER)

~(1,b),(L,c)EH=>(1,b)x(Lc)teH~Hisa

subgroup of (S, x).

Note: (1,b) x (1,¢)=(1.1,b.1+¢)
=(1,b+c)
=(1,c+b)
=(1,¢) x (1,b)

~ H is an abelian subgroup of the non-abelian group (S, x).

Theorem: If H1 and H2 are two subgroups of a group G, then H1 N H2 is also a subgroup of
G.

Proof: Let H1 and H2 be two subgroups of a group G. Let
e be the identity element in G.

~e€Hiande€eH2. .eeH1 N
H2.
= H1 N H2 =/¢.

Leta€e Hi1 N H2and b € H1 N H2.
~a€HlyaeH2andb € H1, b € H2.

Since H1 is a subgroup,a € Htand b € H1 = ab™ ! € Hu.

Similarly ab™ € H.
~ab teH1N M.

Thus we have,a€ HLNH2, be HIN H2 = ab™l e H1 N H2.
~ H1 N H2 is a subgroup of G.

Example: Let G be the group and Z={x € G| xy=yx for all yeG}. Prove that Z is a subgroup of
G.

Solution: Since e € G and ey = ye, for all y € G. It follows that e € Z.
Therefore Z is non-empty.

Takeany a,b € Zandanyy € G. Then
(ab)y = a(by)
=a(yb), sinceb € Z, by = yb
=(ay)b
=(ya)b
=y(ab)
This show that ab € Z.

LetaeZ=ay=yaforally €G.
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= a-1(ay)a-1=a-1(ya)a-1

=@ )ya H=@ Y@=
eya H)=(@@ lyezaly=ay™
This shows that a_l € Z.

Thus, when a, b € Z, we have ab € Zand a * € Z.
Therefore Z is a subgroup of G.
This subgroup is called the center of G.

Homomorphism

Homomorphism into: Let (G, *) and (G', -) be two groups and f be a mapping from G into
G If for a, b € G, f(axb) = f(a)-f(b), then f is called homomorphism G into G.
Homomorphism onto: Let (G, *) and (G', -) be two groups and f be a mapping from G onto

G.Iffora beG, f(axb) = f(a)-f(b), then f is called homomorphism G onto G.
Also then G'is said to be a homomorphic image of G. We write this as f(G) O G

Isomorphism: Let (G, *) and (G | -) be two groups and f be a one-one mapping of G onto G.

If fora, b € G, f(a * b) =f(a) - f(b), then f is said to be an isomorphism from G onto G.
Endomorphism: A homomorphism of a group G into itself is called an endomor-phism.
Monomorphism: A homomorphism into is one-one, then it is called an monomor-phism.
Epimorphism: If the homomorphism is onto, then it is called epimorphism.
Automorphism: An isomorphism of a group G into itself is called an automorphism.

Example: Let G be the additive group of integers and G be the multiplicative group. Then
mapping f: G — G given by f(x) = 2 is a group homomorphism of G into G.

Solution: Sincex, yE G =>x+yeGand2X, 2Ye G =2*. Ve G.

A f(x+y) =25 =25 Y = f(x) - f(y).

= f is a homomorphism of G into G.

Example: Let G be a group of positive real numbers under multiplication and G bea group of

all real numbers under addition. The mapping f: G — G given by f(x) = log10 x. Show that f
is an isomorphism.

Solution: Given f(x) = log10 x.

Leta, b € G = ab € G. Also, f(a), f(b) € G

=~ f(ab) = log10 ab = log10 a + log10 b = f(a) + f(b).
= f is a homomorphism from G into G.

Let x1, x2 € G and f(x1) = f(x2)
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= |Oglo X1= |Oglo X2

log x log x
=10 »,.=10 102
= X1 =X2

= f is one-one.
= f(10Y) = log10(10%) = y.

- For every € G, there exists 10 € G such that f(10%) =y

= fis onto.
=~ fan isomorphism from G to G.

Example: If R is the group of real numbers under the addition and R™ is the group of positive

real numbers under the multiplication. Let f : R — R™ be defined by f(x) = e*, then show that f
IS an isomorphism.

Solution: Let f: R — R be defined by f(x) = *.

fis one-one: Let a, b € G and f(a) = f(b)
a b

=>e=e

= log e? = log €”
= aloge=bloge
=a=b

Thus f is one-one.

f is onto: If ¢ € R* then log ¢ € R and f(log ¢) = ¢'°9 ¢ = ¢

Thus each element of R has a pre-image in R under f and hence f is onto.

f is Homomorphism: f(a + b) = 20 = g6 = f(a).f(b) Hence f is an isomorphism.

Example: Let G be a multiplicative group and f : G — G such that for a € G, f(a) = a L. Prove
that f is one-one and onto. Also, prove that f is homomorphism if and only if G is commutative.

Solution: f: G — G is a mapping such that f(a) = a_l, fora € G.
(). To prove that f is one-one.

Leta,b€G. ~a % b ! e Gandf(a), f(b) € G.
Now f(a) = f(b)

> a-1=b-1
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= (a-1)-1= (b-1)1
=a=bh

-~ fis one-one.

(ii). To prove that f is onto.
Leta € G. ~a ! € G such that f(a_l) = (a_l)_1 = a.

=~ fis onto.
(iii). Suppose f is a homomorphism.

For a, € G, ab € G. Now f(ab) = f(a)f(b)
= (ab)_l = bh.ai.=aib
= (b-12-1)-1= (a-1b-1)

= (a-1)-1(b-1)-1= (b-1)-1(a-1)—

= ab =ba
~ G is abelian.

(iv). Suppose G is abelian = ab=ba, V a, b € G.
For a, b € G, f(ab) = (ab) !

=b-1a-1
=a-1b-1 =f(a)f(b)
=~ fis a homomorphism.

Number Theory

Properties of Integers

Let us denote the set of natural numbers (also called positive integers)by N and the set of
integers by Z.

e, N={1,2,3.}andZz={...., -2,-1,0,1, 2..}.

The following simple rules associated with addition and multiplication of these inte-gers are
given below:

(a). Associative law for multiplication and addition

(@+b)+c=a+ (b+c)and (ab)c =a(bc), forall a, b, c € Z

(b). Commutative law for multiplication and additiona+b=b +aand ab =ba, foralla, b €
Z.

(c). Distritbutive law a(b + ¢c) =ab +ac and (b + c)a=ba + ca, forall a, b, c € Z.
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(d). Additive identity 0 and multiplicative identity 1
a+0=0+a=aandal=1la=a,foralla€Z

(e). Additive inverse of —a for any integer a

a+(-a)=(-a)+a=0.
Definition: Let a and b be any two integers. Then a is said to be greater than b ifa — b is
positive integer and it is denoted by a > b. a > b can also be denoted by b < a.

Basic Properties of Integers

Divisor: A non-zero integer a is said to be divisor or factor of an integer b if there exists an
integer g such that b = aq.

If a is divisor of b, then we will write a/b (read as a is a divisor of b). If a is divisor of b, then
we say that b is divisible by a or a is a factor of b or b is multiple of a. Examples:

(@). 2/8, since 8 =2 x 4,

(b). —4/16, since 16 = (—4) x (—4).

(c). a/0 for all a € Z and a =/0, because 0 = a.0.

Theorem: Let a, b, ¢ € Z, the set of integers. Then,

(i). If a/b and b =/0, then |a| <|b|.

(it). If a/b and b/c, then a/c.

(iii). If a/b and a/c, then a/b + c and a/b — c.

(iv). If a/b, then for any integer m, a/bm.

(v). If a/b and a/c, then for any integers m and n, a/bm + cn.
(vi). If a/b and b/a then a = *b.

(vii). If a/b and a/b + c, then a/c.

(viii). If a/b and m =/0, then ma/mb.

Proof:

(i). We have a/b = b = aq, where q € Z.
Since b =/0, therefore q =/0 and consequently |g| > 1.

Also, |g| 21 = lallg| = |a|

= |b| > a|.
(if). We have a/b = b = aq1, where g1 € Z. b/c

= ¢ = Dbg2, where g2 € Z.
~ ¢ =bg2 = (ag1)g2 = a(g102) = aqg, where g = g1g2 € Z. = a/c.
(iii). We have a/b = b = aq1, where g1 € Z.
alc=c=ag2, whereq2 € Z.

Now b +c=aql +ag2 =a(qL +g2) =aqg, whereq=q1 + Q2 € Z.

= alb +c.

Also,b—c=aql —ag2=a(ql — q2) =aq, whereq=q1 — Q2 € Z.

= ab — c.
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(iv). We have a/b = b = aq, where q € Z.
For any integer m, bm = (ag)m = a(gm) = ag, where a = gm € Z.

= a/bm.

(v). We have a/b = b = aq1, where q1 € Z. alc =
€ =aq2, where q2 € Z.

Now bm + cn = (ag1)m + (ag2)n = a(gqim + g2n) = ag, where g = gim + g2n € Z

= a/mb + cn.
(vi). We have a/b = b = aq1, where g1 € Z.

b/a = a =bg2, where g2 € Z.

~b=aq1 = (bg2)q1 = b(q2q1)

= b(1l —¢2091) =0
gq1=1=0g2=qi=1lorg2=qg1=-1
~a=bora=-bi.e,azxb.(vii). We have a/b =
b=aq1, whereqr € Z. alb+c=b+c=ag,
where q2 € Z
Now,c=b —ag2=aql —ag2=a(ql — g2) =aq, whereq=01 — Q2 € Z.

= alc.
(viii). We have a/b = b = aq1, where q1 € Z.
Since m =/0, mb = m(aq1) = ma(q1)
= ma/mb.

Greatest Common Divisor (GCD)

Common Divisor: A non-zero integer d is said to be a common divisor of integers a and b if
d/a and d/b.

Example:
(1). 3/ — 15 and 3/21 = 3 is a common divisor of 15, 21.

(2). £1 is a common divisor of a, b, where a, b € Z.
Greatest Common Divisor: A non-zero integer d is said to be a greatest common divisor
(gcd) of aand b if

(i). d is a common divisor of a and b; and

(ii). every divisor of a and b is a divisor of d.

We write d = (a, b)=gcd of a, b.

Example: 2, 3 and 6 are common divisors of 18, 24.

Also 2/6 and 3/6. Therefore 6 = (18, 24).
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Relatively Prime: Two integers a and b are said to be relatively prime if their greatest
common divisor is 1, i.e., gcd(a, b)=1.
Example: Since (15, 8) = 1, 15 and 8 are relatively prime.
Note:
(i). If a, b are relatively prime then a, b have no common divisors.

(ii). a, b € Z are relatively prime iff there exists X, y € Z such that ax + by = 1.
Basic Properties of Greatest Common Divisors:
(1). If c/ab and gcd(a, ¢) = 1 then c/b.

Solution: We have c/ab = ab =cq1, q1 € Z.

(a, ¢) = 1 = there exist x, y € Z such that
ax+cy=1.
ax+cy=1=>b(ax+cy)=b
= (ba)x + b(cy) =b = (cq1)x + b(cy) =b = c[gix + by] = b
= cq = Db, where g = qix + by € Z = c/b.
(2). If (a,b) =1and (a, c) =1, then (a, bc) = 1.

Solution: (a, b) = 1, there exist x1, y1 € Z such that

axt+by1=1

= by1=1-ax1 1)
(a, €) = 1, there exist x2, y2 € Z such that
ax2+by2=1

=>cy2=1—ax2 (2
From (1) and (2), we have
(by1)(cy2) = (1 — ax1)(1 — ax2)

= bcyly2 =1 — a(x1 + x2) + a’xixe = a(x1 + x2 — axix2) +
bc(yly2) =1
= ax3 + bcy3 = 1, where x3 = x1 + X2 —ax1x2 and y3 = y1y2 are integers.

=~ There exists x3, y3 € Z such that ax3 + bcy3 = 1.

(3). If (a, b) =d, then (ka, kb) = |k|d., k is any integer.

Solution: Since d = (a, b) = there exist x, y € Z such that
ax+hby=d.

= k(ax) + k(by) = kd = (ka)x + (kb)y = kd
= (ka, kb) = kd = k(a, b)

(). If (3, b) = d, then Gq , ¢®) = 1.
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Solution: Since (a, b) = d = there exist x, y € Z such that ax + by = d.
=(ax+by)/d=1

= (a/d)x + (b/d)y =1
Since d is a divisor of both a and b, a/d and b/d are both integers. Hence
(a/d,b/d) = 1.

Division Theorem (or Algorithm)

Given integers a and d are any two integers with b > 0, there exist a unique pair of integers q
and r such that a =dq + r, 0 <r < b. The integer‘s q and r are called the quotient and the
remainder respectively. Moreover, r =0 if, and only if, b|a.

Proof:
Consider the set, S, of all numbers of the form a+nd, where n is an integer.
S={a-nd:nisaninteger}

S contains at least one nonnegative integer, because there is an integer, n, that ensures a-nd >
0, namely n = -|a] d makes a-nd = a+|a| d?

> at|a| > 0.

Now, by the well-ordering principle, there is a least nonnegative element of S, which we will
call r, where r=a-nd for some n. Let q = (a-r)/d = (a-(a-nd))/d = n. To show that r < |[d|,
suppose to the contrary that r > |d|. In that case, either r-|d|=a-md, where m=n+1 (if d is
positive) or m=n-1 (if d is negative), and so r-|d| is an element of S that is nonnegative and
smaller than r, a contradiction. Thus r < |[d|.

To show uniqueness, suppose there exist q,r,q',r' with 0 <r,r' <|d| such
thata=qd + rand a =q'd + r'.

Subtracting these equations gives d(g'-q) = r'-r, so d|r'-r. Since 0 <r,r' <|d|, the difference r'-r
must also be smaller than d. Since d is a divisor of this difference, it follows that the
difference r'-r must be zero, i.e. r'=r, and so q'=q.

Example: Ifa=16,b=5then16=3x5+1;0<1<5.

Euclidean Algorithm for finding the GCD

An efficient method for finding the greatest common divisor of two integers based on the
quotient and remainder technique is called the Euclidean algorithm. The following lemma
provides the key to this algorithm.

Lemma: If a =bqg + r, where a, b, g and r are integers, then gcd(a, b)=gcd(b, r). Statement:

When a and b are any two integers (a > b), if r1 is the remainder when a is divided by b, r2 is
the remainder when b is divided by r1, r3 is the remainder when r1 is divided by r2 and so on
and if rk+1 = 0, then the last non-zero remainder rk is the gcd(a, b).
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Proof:
By the unique division principle, a divided by b gives quotient g and remainder r, such
that a = bq+r, with 0 <r <|b].

Consider now, a sequence of divisions, beginning with a divided by b giving quotient q; and
remainder by, then b divided by b1 giving quotient g2 and remainder by, etc.

a=bqi+by, b=b1q2+by,
b1=b2q3+Dbs,

bn-2=bn-1gn+bn, bn-1=bngn+1

In this sequence of divisions, 0 < b1 < |b|, 0 < b2 < |b4|, etc., so we have the sequence [b| >
Ib1| > |b2| > ... > 0. Since each b is strictly smaller than the one before it, eventually one of
them will be 0. We will let b, be the last non-zero element of this sequence.

From the last equation, we see bn | bn-1, and then from this fact and the equation before it, we
see that by | bn-2, and from the one before that, we see that by, | bn-s, etc. Following the chain
backwards, it follows that b, | b, and b, | a. So we see that bn is a common divisor of a and b.

To see that by is the greatest common divisor of a and b, consider, d, an arbitrary common
divisor of a and b. From the first equation, a-bgi=bz, we see d|bs, and from the second,
equation, b-b1g2=h2, we see d|b2, etc. Following the chain to the bottom, we see that d|bn.
Since an arbitrary common divisor of a and b divides by, we see that by is the greatest
common divisor of a and b.

Example: Find the gcd of 42823 and 6409.
Solution: By Euclid Algorithm for 42823 and 6409, we have
42823=6.6409+ 4369, r1= 4369,
6409= 1.4369+2040, r2= 2040,
4369= 2.2040+289, r3 = 289,
2040=7.289+ 17, r4 = 17,

289=17.17+ 0, r5
=0
~ r4 = 17 is the last non-zero remainder. .. d = (42823, 6409) = 17.
Example: Find the gcd of 826, 1890.

Solution: By Euclid Algorithm for 826 and 1890, we have
1890= 2.826+ 238,r1= 238
826=3.238+ 112,r2= 112
238=2.112+ 143 =14 112=8.14
+0,14=0

=~ r3 =14 is the last non-zero remainder. .. d = (826, 1890) = 14.

****Example: Find the gcd of 615 and 1080, and find the integers x and y such that gcd(615,
1080) = 615x + 1080y.
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Solution: By Euclid Algorithm for 615 and 1080, we have

1080 = 1.615 + 465, r1 =465 — — — — — 1)
615 = 1.465 + 150, r2 =150 — — — — — )
465=3.150+ 15, r3=15— — — — — — 3)
150 =10.15+0, r4=0— — — — — — — 4) -

r3 = 15 is the last non-zero remainder.

~ d = (615, 1080) = 15. Now, we find x and y such that
615x + 1080y = 15.

To find x and y, we begin with last non-zero remainder as follows.
d =15 =465 + (—3).150; using (3)

=465 + (—3){615 + (—1)465}; using (2)
=(—3).615 + (4).465
=(—3).615 + 4{1080 + (—1).615}; using (1)
=(—7).615 + (4).1080 =615x + 1080y
Thus gcd(615, 1080) = 15 provided 15 = 615x + 1080y, where x = —7 and y = 4.
Example: Find the gcd of 427 and 616 and express it in the form 427x + 616y.
Solution: By Euclid Algorithm for 427 and 616, we have
616=1.427+189,r1 = 189......... Q)

427=2.189+49,r2 = 49............ 2)
189= 3.49+ 42, 13=42............. (3)
49= 1424 7,04 =Tvvvcerore (4)
42=6.7+0,65=0.rrvvevrrerrrreen (5) -

r5 = 7 is the last non-zero remainder.

~ d=(427,616) = 7. Now, we find x and y such that
427x + 616y = 7.
To find x and y, we begin with last non-zero remainder as follows.
d=7=49+ (-1).42; using (4)
=49 + (—1){189 + (—3).49}; using (3)
=4.49 — 189
=4 {427 + (—2).189; — 189; using (2)
=4.427 + (—8).189 — 189
=4.427 + (—9).189
=4.427 + (—9){616 + (—1)427}; using (1)
=4.427 + (—9).616 + 9.427
=13.427 + (—9).616
Thus gcd(427, 616) = 7 provided 7 = 427x + 616y, where x =13 and y = —9.
Example: For any positive integer n, prove that the integers 8n + 3 and 5n + 2 are relatively
prime.
Solution: If n =1, then gcd(8n + 3, 5n + 2)=gcd(11, 7) = 1.
If n > 2, then we have 8n + 3 > 5n + 2, so we may write
8n+3=1.(5n+2)+3n+1, 0<3n+1<5n+2
5n+2=1.(3n+1)+2n+1, 0<2n+1<3n+1
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3n+1=1(2n+1)+n, 0<n<2n+1
2n+1=2n+1, 0<l<nn=nl+0.
Since the last non-zero remainder is 1, gcd(8n + 3,5n + 2) =1 forall n > 1.
Therefore the given integers 8n + 3 and 5n + 2 are relatively prime. Example:
If (@, b) =1, then (a + b, a — b) is either 1 or 2.
Solution: Let (a+b,a—b)=d=d|a+b,dla—b.

Thena+b=Kkid........ 1)

anda — b =kad.......... (2
Solving (1) and (2), we have
2a = (k1 + k2)d and 2b = (k1 — k2)d
=~ d divides 2a and 2b
~ d <gcd(2a, 2b) =2 ged(a, b) =2, since gcd(a, b)=1 .~ d=1or 2.

Then 2a + b =kid........ (1) and

a+2b=kad......... )

3a = (2k1 — k2)d and 3b = (2k2 — k1)d
-~ d divides 3a and 3b

~ d <gcd(3a, 3b) =3 gecd(a, b) =3, since gcd(a, b)=1.~d=1or2or3.
But d cannot be 2, since 2a + b and a + 2b are not both even [when a is even and b is odd, 2a

+bisodd and a + 2b is even; when a is odd and b is even, 2a + b is even and a + 2b is odd;
when both a and b are odd 2a + b and a + 2b are odd.] Hence d = (2a + b, a + 2b) is 1 or 3.

Least Common Multiple (LCM)

Let a and b be two non-zero integers. A positive integer m is said to be a least common
multiple (Icm) of a and b if
(i) mis a common multiple of a and b i.e., a/m and b/m, and
(if)c is a common multiple of a and b, c is also a multiple of m i.e., if a/c
and b/c, then m/c.

In other words, if a and b are positive integers, then the smallest positive integer that is divisible
by both a and b is called the least common multiple of a and b and is denoted by Icm(a, b).
Note: If either or both of a and b are negative then Icm(a, b) is always positive.

Example: Icm(5, -10)=10, Icm(16, 20)=80.

Prime Numbers

Definition: An integer n is called prime if n > 1 and if the only positive divisors of n are 1
and n. If n > 1 and if n is not prime, then n is called composite.

Examples: The prime numbers less than 100 are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47,53,59, 61, 67, 71, 73, 79, 83, 89, and 97.
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Theorem: Every integer n > 1 is either a prime number or a product of prime numbers.

Proof: We use induction on n. The theorem is clearly true for n = 2. Assume it is true for every
integer < n. Then if n is not prime it has a positive divisor d =/1, d =/n. Hence n = cd, where
¢ =/n. But both c and d are < n and > 1 so each of c, d is a product of prime numbers, hence
SO is n.

Fundamental Theorem of Arithmetic

Theorem: Every integer n > 1 can be expressed as a product of prime factors in only
one way, a part from the order of the factor.

Proof:

There are two things to be proved. Both parts of the proof will use he Well-ordering Principle
for the set of natural numbers.

(1)  We first prove that every a > 1 can be written as a product of prime factors. (This
includes the possibility of there being only one factor in case a is prime.)

Suppose bwoc that there exists a integer a > 1 such that a cannot be written as a product of
primes.

By the Well-ordering Principle, there is a smallest such a.

Then by assumption a is not prime so a = bc where 1 <b, c<a.

So b and c can be written as products of prime factors (since a is the smallest positive integer
than cannot be.)

But since a = bc, this makes a a product of prime factors, a contradiction.

2 Now suppose bwoc that there exists an integer a > 1 that has two different prime
factorizations, say a=pl --- ps =ql --- gt, where the pi and gj are all primes. (We allow
repetitions among the pi and qj . That way, we don‘t have to use exponents.) Then pl|a=ql
--- qt. Since pl is prime, by the Lemma above, p1| qj for some j .

Since qj is prime and p1 > 1, this means that p1 = qj .

For convenience, we may renumber the qj so that p1 =ql .

We can now cancel p1 from both sides of the equation above to get p2 --- ps =02 --- qt . But
p2 --- ps < a and by assumption a is the smallest positive integer with a non-unique prime
factorization.

It follows that s =t and that p2,...,ps are the same as g2,...,qt , except possibly in a different
order.

But since p1 = g1 as well, this is a contradition to the assumption that these were two
different factorizations.

Thus there cannot exist such an integer a with two different factorizations

Example: Find the prime factorisation of 81, 100 and 289. Solution: 81 =3 x 3 x 3 x 3 = 3t
100=2x2x5x5=2%x 52289 =17 x 17 = 172,

Theorem: Let m = p1® p2®2 ..pk3 and n = p1° p222 ...pk% . Then
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ged(m, n) = plmin(al,bl) X p2min(a2,b2) X .. X pkmin(ak,bk)
=11 pmin(aibh \where min(a, b) represents the minimum of the two numbers a and b. tem(m,
n)= plmax(al,bl) x p2max(a2,b2) X .. X pkmax(ak,bk)

1T pmax(@ibi) ‘\where max(a,b) represents the maximum of the two numbers a and b.
Theorem: If a and b are two positive integers, then gcd(a, b).Ilcm(a, b) = ab.
Proof: Let prime factorisation of a and b be

M= Paii Pa22 ...pakk and N = Po11 Pb22 ... Pbkk

Then gcd(a, b) =pimin@lbl) x p2min@2,b2) x ... x pkmin(ak,bk)and Icm(m,
n) :plmax(al,bl) x p2max(a2,b2) X .. X pkmax(ak,bk)
We observe that if min(ai, bi) is ai(or bi) then max(ai, bi) is bi(or ai), i =1, 2.., n.

Hence gcd(a, b).Ilcm(a, b)

= pimin(@lbl) x p2min(a2,b2) x ... x pkmin(ak,bk) > pmax(1as,b1). Pmax(2az,b2). . . [Pmax(kax,bi)
= pl[min(al,b1)+max(a1,b1)] . p2[min(az,bz)+max(az,bz)] . pk[min(ak,bk)+max(ak,bk)]

(a+h) (a+h) (a+b)
:pll 1_p22 2_._pkk k

al
=(p1 p2az...pkak )( plb1 p2b2 ...pkbk)
=ab.

Example: Use prime factorisation to find the greatest common divisor of 18 and 30.
Solution: Prime factorisation of 18 and 30 are 18 = 21 x 32 x 5% and 30 = 21 x 3!
X 51
ged(18, 30) =2min(1,1) x amin(2,1) x smin(0,1)

=21 x 31 x 59

=2x3x1

=6.
Example: Use prime factorisation to find the least common multiple of 119 and 544.
Solution: Prime factorisation of 119 and 544 are 119 = 2% x 71 x 171 and 544 = 2° x

79 x 171, Icm(119, 544) = 2max(05) X Tmaxt,0) X 17 maxw.1)
=2° x 71 x 171
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=32 x7x17
=3808.

Example: Using prime factorisation, find the gcd and lcm of
(i). (231, 1575) (ii). (337500, 21600). Verify also gcd(m, n). Icm(m, n) = mn.

Example: Prove that log3 5 is irrational number.
Solution: If possible, let log3 5 is rational number.

= log3 5 = u/v, where u and v are positive integers and prime to each other.

3u/v =5

i.e.,3Y=5"=n, say.

This means that the integer n > 1 is expressed as a product (or power) of prime numbers (or a
prime number) in two ways.

This contradicts the fundamental theorem arithmetic.

=~ logs 5 is irrational number.

Example: Prove thatV 5 is irrational number.

Solution: If possible, letV 5 is rational number.

=15 = u/v, where u and v are positive integers and prime to each other.
S W=5V e, 1)

= uzis divisible by 5

= uisdivisible by 5i.e.,u=5m......... (2)

~ From (1), we have 5v2= 25mzor v:= 5m?

i.e., vzand hence v is divisible by 5

i.e,v=5n...... 3

From (2) and (3), we see that u and v have a common factor 5, which contradicts the
assumption.

= /5 is irrational number.

Testing of Prime Numbers

Theorem: If n > 1 is a composite integer, then there exists a prime number p such that

p/n and p <Vn.

Proof: Since n > 1 is a composite integer, n can be expressed as n = ab, where 1
<a<b<n.Thena <\n.

If @ >Vn, then b >a >Vn.

~n=ab>\nNn=n,ie n>n,which is a contradiction.

Thus n has a positive divisor (= a) not exceeding V.

a > 1, is either prime or by the Fundamental theorem of arithmetic, has a primefactor. In ither
ase, n has a prime factor<vn.

Algorithm to test whether an integer n > 1 is prime:

Step 1: Verify whether n is 2. If nis 2, then n is prime. If not goto step 2.
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Step 2: Verify whether 2 divides n. If 2 divides n, then n is not a prime. If 2 does not divides
n, then goto step (3).

Step 3: Find all odd primes p <~n.If there is no such odd prime, then n is prime otherwise,
goto step (4).

Step 4: Verify whether p divides n, where p is a prime obtained in step (3). If p divides n, then

n is not a prime. If p does not divide n for any odd prime p obtained in step (3), then nis

prime.

Example: Determine whether the integer 113 is prime or not.

Solution: Note that 2 does not divide 113. We now find all odd primes p such that p2 <113.

These primes are 3, 5 and 7, since 72 <113 < 112
None of these primes divide 113.
Hence, 113 is a prime.

Example: Determine whether the integer 287 is prime or not.

Solution: Note that 2 does not divide 287. We now find all odd primes p such that p2 <287.

These primes are 3, 5, 7, 11 and 13, since 132 < 287 < 172,

7 divides 287.
Hence, 287 is a composite integer.

Modular Arithmetic

Congruence Relation

If a and b are integers and m is positive integer, then a is said to be congruent to b modulo m,
if m divides a — b or a — b is multiple of m. This is denoted as

a= b(mod m)

m is called the modulus of the congruence, b is called the residue of a(mod m). If a is not
congruent to b modulo m, then it is denoted by a/=b(mod m).

Example:

(i). 89 = 25(mod 4), since 89-25=64 is divisible by 4. Consequently 25 is the residue of
89(mod 4) and 4 is the modulus of the congruent.

(if). 153 = —7(mod 8), since 153-(-7)=160 is divisible by 8. Thus -7 is the residue of 153(mod
8) and 8 is the modulus of the congruent.

(iii). 24 £3(mod 5), since 24-3=21 is not divisible by 5. Thus 24 and 3 are incon-gruent
modulo 5

Note: If a = b(mod m) & a — b = mk, for some integer k

& a = b + mk, for some integer k.
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Properties of Congruence

Property 1: The relation ICongruence modulo ml is an equivalence relation. i.e., for all
integers a, b and c, the relation is

Q) Reflexive: For any integer a, we have a = a(mod
m)

(i) Symmetric: If a = b(mod m), then b = a(mod m)

(iii)  Transitive: If a = b(mod m) and b = ¢(mod m),
then a = c¢(mod m).

Proof: (i). Let a be any integer. Then a — a = 0 is divisible by any fixed positive integer m.
Thus a = a(mod m).

= The congruence relation is reflexive.

(ii). Given a = b(mod m)

= a — b isdivisible by m = —(a — b)

is divisible by m = b — a is divisible

by m

i.e., b =a(mod m).

Hence the congruence relation is symmetric.

(iii). Given a = b(mod m) and b = c(mod m)

= a — b is divisible of m and b — ¢ is divisible by m. Hence (a —
b) + (b — ¢) =a — cis divisible by m

i.e., a =c(mod m)

= The congruence relation is transitive.

Hence, the congruence relation is an equivalence relation.
Property 2:  If a = b(mod m) and c is any integer, then (i). a £
¢ = b £ ¢(mod m) (ii). ac = bc(mod m). Proof:

(i). Since a = b(mod m) = a — b is divisible by m.

Now (a+c) — (b £ c) =a — bisdivisible by m.

s~ a=+c=b+c(modm).

(ii). Since a = b(mod m) = a — b is divisible by m.

Now, (a — b)c = ac — bc is also divisible by m.

~ ac = be(mod m).

Note: The converse of property (2) (ii) is not true always.

Property 3: If ac = be(mod m), then a = b(mod m) only if gcd(c,m) = 1. In fact, if c is an
m

integer which divides m, and if ac = bc(mod m), thena=bmod][ ]

ged(c,m)
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Proof: Since ac = bec(mod m) = ac — bc is divisible by m. i.e.,
ac — bc = pm, where p is an integer.

m
=a—b=p(_—C)

m m
~a=b[ mod (_)], provided that __isan integer.
c C

Since c divides m, gcd(c, m) =c.
m
Hence,a=bmod[ ]
gcd(c,m)
But, if gcd(c, m) = 1, then a = b(mod m).

Property 4: If a, b, c, d are integers and m is a positive integer such that a = b(mod m) and ¢
= d(mod m), then

(1). axc =Dbxd(mod m) (ii).

ac = bd(mod m)

(iii). a" = b"(mod m), where n is a positive integer.

Proof: (i). Since a = b(mod m) = a — b is divisible by m.

Also ¢ = d(mod m) = ¢ — d is divisible by m.

~(a—Db)x(c—d)isdivisible by m.i.e., (@a£c) -

(b £ d) is divisible by m. i.e., a ¢ = b £ d(mod m).

(ii). Since a = b(mod m) = a — b is divisible by m.

~ (a — b)c is also divisible by m.

~ (c — d)b is also divisible by m.

~(a—Db)c+ (c —d)b=ac — bdisdivisible by m. i.e., ac — bd is divisible by m. i.e.,
ac = bd(mod m).......ccccevvvinennnnnn, 1)

(iii). In (1), put c =aand d = b. Then, we get
a= b (mod m)......cceees (2) Also a = b(mod

Using the property (ii) in equations (2) and (3), we have ad= b3(mod m)

Proceeding the above process we get a" =
b"(mod m), where n is a positive integer.

Fermat’s Theorem

If pis a prime and (a, p) = 1 then @ — 1 is divisible by pi.e., @ 1 = 1 (mod p).
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Proof

) . . P —
We offer several proofs using different techniques to prove the statement ¢ = @ (mod p).
If gcd (a,p) = 1, then we can cancel a factor of afrom both sides and retrieve the first version
of the theorem.

Proof by Induction

The most straightforward way to prove this theorem is by by applying the induction principle. We
P —

fix P as a plgme number. The base case, 1 = 1 (mod p) js obviously true. Suppose the

statement @° = @ (mod p) is trye. Then, by the binomial theorem,

(a+ 1) = a” + (zlj)ai"l + (g)a“+---+ (p? 1)a+ 1.

p)
Note that P divides into any binomial coefficient of the form (k for L <k <p—1 This
p p!

= Elp— k)
follows by the definition of the binomial coefficient as el o)

then P divides the numerator, but not the denominator.

Taken mod P all of the middle terms disappear, and we end up

with (@ +1)” = a” +1 (mod p) since we also know that @ = @ (mod p),
then (@ + 1)’ = a+1 (mod p) 4 desired.

; since P is prime,

Example: Using Fermat‘s theorem, compute the values of
(i) 3%%2(mod 5), (ii)
3302(mod 7) and
i) 33%%(mod 11).

Solution: By Fermat‘ s theorem, 5 is a prime number and 5 does not divide 3, we have

3s5-1= 1 (mod 5)
34 _ 1 (mod 5)
(34)75= 1" (mod 5)
3300 = 1 (mod 5)

3w=32=9 (mod 5)
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3302 = 4 (mod 5)........... (1) Similarly,
7 is a prime number and 7 does not divide 3, we have

3%=1(mod 7) (3%*° =
1% (mod 7)

3300 = 1 (mod 7)
3302 =32 =9 (mod 7)

3%02 = 2 (mod 7)., (2)
and 11 is a prime number and 11 does not divide 3, we have

3%0 = 1 (mod 11)
(31930 = 13% (mod 11)
3390 = 1 (mod 11)

3302 = 32 = 9 (mod 11)............. 3)
201
Example: Using Fermat‘s theorem, find 3  (mod 11).
13332
Example: Using Fermat‘s theorem, prove that 4 = 16 (mod 13331). Also, give an

example to show that the Fermat theorem is true for a composite integer. Solution: (i).
Since 13331 is a prime number and 13331 does not divide 4.
By Fermat‘s theorem, we have

41333171 = 1 (mod 13, 331)

413330 = 1 (mod 13, 331)
413331 = 4 (mod 13, 331)
413332 = 16 (mod 13, 331)

(it). Since 11 is prime and 11 does not divide 2.
By Fermat‘s theorem, we have

21171 = 1 (mod 1)
ie., 219 =1 (mod 1)
(21934 = 134 (mod 11)

2340 = 1 (mod 11)............. 1)
Also,

2% =1 (mod 31)
(2%)%8 = 198 (mod 31)

2340 = 1 (mod 31)............. ()
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From (1) and (2), we get

2340 _ 1 js divisible by 11 x 31 = 341, since gcd(11, 31) = 1.
i.e., 2349 = 1 (mod 341).

Thus, even though 341 is not prime, Fermat theorem is satisfied.

Euler’s totient Function:

Euler's totient function counts the positive integers up to a given integer n that are relatively
prime to n. It is written using the Greek letter phi as ¢(n), and may also be called

Euler's phi function. It can be defined more formally as the number of integers k in the range 1
< k < n for which the greatest common divisor gcd(n, k) is equal to 1. The integers k of this
form are sometimes referred to as totatives of n. Computing Euler’s totient function:

sl

i) 2]

where the product is over the distinct prime numbers dividing

Example: Find ¢(21), #(35), ¢(240) Solution:

$(21) = $(3 % Z) 1

= 21(103)(107)
=12

$(35) n $(5 a 7)

= 35(105)(107)
=24

$(240) = $(15 x 16)

=4(3x5x 2)

11 1
=240 (103)(105)(102)
=64

Euler’s Theorem: If a and n > 0 are integers such that (a, n) = 1 then a?™ = 1(mod n).
Proof:

Consider the elements I'1, I'2,. .., O of (Z/n) the congruence classes of integers that are
relatively prime to n.

For al(Z/n) the claim is that multiplication by a is a permutation of this set; that is, the set

{ary, arz,...,arom } equals (Z/n). The claim is true because multiplication by ais a function
from the finite set (Z/n) to itself that has an inverse, namely multiplication by 1/a (mod n) Now,
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given the claim, consider the product of all the elements of (Z/n), on one hand, it is I'1 I'2,...T0O()

. On the other hand, itis ary al,...arou . So these products are congruent mod n
Nnrz...rom0ararz2...arom)
Mrz...rom0aoml MR2...1rom

10aom)
where, cancellation of the ri is allowed because they all have multiplicative inverses(mod n)

Example: Find the remainder 29%°? when divided by 13.

Solution: We first note that (29,13)=1.
Hence we can apply Euler's Theorem to get that 291 =1(mod13).

Since 13 is prime, it follows that ¢(13)=12, hence 29'?=1(mod13).
We can now apply the division algorithm between 202 and 12 as follows:
202=12(16)+10
Hence it follows that 29292=(2912)% 2910=(1)26 2910=291%(mod13).
Also we note that 29 can be reduced to 3 (mod 13), and hence:
2910=310=59049=3(mod13)?
Hence when 292°2 is divided by 13, the remainder leftover is 3.

Example: Find the remainder of 99%99%% when divided by 23.
Solution: Once again we note that (99,23)=1, hence it follows that 99® =1(mod23).
Once again, since 23 is prime, it goes that ¢(23)=22, and more appropriately
9922=1(mod23).
We will now use the division algorithm between 999999 and 22 to get that:
999999=22(45454)+11
Hence it follows that
99999999=(9922)45454.9911=145454.9911=711=1977326743=22(mod23).
Hence the remainder of 99%%°%° when divided by 23 is 22.
Note that we can solve the final congruence a little differently as:
9911=71=(72)°7=(49)°.7=357=1701=22(mod23).
There are many ways to evaluate these sort of congruences, some easier than others.
Example: What is the remainder when 138 is divided by 19?
Solution: If y? @ is divided by z, the remainder will always be 1; if y, z are co-prime
In this case the Euler number of 19 is 18
(The Euler number of a prime number is always 1 less than the number).
As 13 and 19 are co-prime to each other, the remainder will be 1.

Example: Now, let us solve the question given at the beginning of the article using the
concept of Euler Number: What is the remainder of 19%200002/237
Solution: The Euler Number of the divisor i.e. 23 is 22, where 19 and 23 are co-prime.
Hence, the remainder will be 1 for any power which is of the form of 220000.
The given power is 2200002.
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Dividing that power by 22, the remaining power will be 2.
Your job remains to find the remainder of 19%/23.
As you know the square of 19, just divide 361 by 23 and get the remainder as 16.

Example: Find the last digit of 55°.
Sol: We first note that finding the last digit of 55° can be obtained by reducing 55° (mod 10),
that is evaluating 55°(mod10).
We note that (10, 55) = 5, and hence this pair is not relatively prime,
however, we know that 55 has a prime power decomposition of
55=5x11.(11,10) =1, hence it follows that 1149
=1(mod10).

4_
We note that . Hgnce 411 =1(mod10) $(10)=4 ,

5 5 5 5 4
and more appropriately:

55 =5.11 =5.11 .11=5 (1) .11=34375=5(mod10)
Hence the last digit of 55° is 5.

Example: Find the last two digits of 3333444,
Sol:

We first note that finding the last two digits of 33334444 can be obtained by reducing

3333%*44 (mod 100).

Since (3333, 100) = 1, we can apply this theorem.

We first calculate that ¢(100)=¢(22)¢(5%)=(2)(5)(4)=40.

Hence it follows from Euler's theorem that 3333°=1(mod100).

Now let's apply the division algorithm on 4444 and 40 as follows:

4444=40(111)+4

Hence it follows that:

3333%44=(333340)!113333%=(1)!11.3333%(mod 100)=33*=1185921=21(mod100) Hence
the last two digits of 3333*** are 2 and 1.

Previous guestions
1. a) Prove that a group consisting of three elements is an abelian group?
b) Prove that G={-1,1,i,-i} is an abelian group under multiplication?
2. a) Let G={-1,0,1} . Verify that G forms an abelian group under addition?
b) Prove that the Cancellation laws holds good in a group G.?
3. Prove that the order of ais same as the order of a.?
4. a) Explain in brief about fermats theorem?
b) Explain in brief about Division theorem?
C) Explain in brief about GCD with example?
5. Explain in brief about Euler’s theorem with examples?
6. Explain in brief about Principle of Mathematical Induction with examples?
7. Define Prime number? Explain in brief about the procedure for testing of prime numbers?
8
9

. Prove that the sum of two odd integers is an even integer?
. State Division algorithm and apply it for a dividend of 170 and divisor of 11.
10. Using Fermat's theorem, find 3201 mod 11.

11. Use Euler’s theorem to find a number between 0 and 9 such that a is congruent to 7199 (mod 10)
12. Find the integers x such that i) 5x=4 (mod 3) ii) 7x=6 (mod 5) iii) 9x=8 (mod 7)
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13. Determine GCD (1970, 1066) using Euclidean algorithm.
14. If a=1820 and b=231, find GCD (a, b). Express GCD as a linear combination of a and b.
15. Find 117 mod 13 using modular arithmetic.

Multiple choice questions

1. If alb and bc, then a|c.

a) True D) False Answer: a

2. GCD(a,b) is the same as GCD(|a|,|b]).

a) True b) False Answer: a

3. Calculate the GCD of 1160718174 and 316258250 using Euclidean algorithm.
a) 882 b) 770 c) 1078 d) 1225 Answer:

C

4. Calculate the GCD of 102947526 and 239821932 using Euclidean algorithm.
a) 11b)12c)8 d)6 Answer: d

5. Calculate the GCD of 8376238 and 1921023 using Euclidean algorithm.
a) 13b)12c)17d)7  Answer: a
6. What is 11 mod 7 and -11 mod 7?
a) 4 and 5 b) 4 and 4 c)5and 3 d) 4 and -4
Answer: d
7. Which of the following is a valid property for concurrency?
a) a =b (mod n) if n|(a-b) b) a=b (mod n) impliesb = a
(mod n)
c) a=b (mod n) and b = ¢ (mod n) implies a = ¢ (mod n)
d) All of the mentioned
Answer: d
8. [(@a mod n) + (b mod n)] mod n = (a+b) mod n
a) True b) False
9. [(@ mod n) — (b mod n)] mod n = (b —a) mod n
a) True D) False
Answer:b

10. 117 mod 13 =
a3 b7 ©5 d)is5

Answer: d

11. The multiplicative Inverse of 1234 mod 4321 is
a) 3239 b) 3213 c) 3242 d) Does not exist
Answer: a

12. The multiplicative Inverse of 550 mod 1769 is
a) 434 b) 224 c) 550 d) Does not exist
Answer: a

13. The multiplicative Inverse of 24140 mod 40902 is
a) 2355 b) 5343 c) 3534 d) Does not exist
Answer: d

14. GCD(a,b) = GCD(b,a mod b)
a) True b) False
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15.

Answer: a
Define an equivalence relation R on the positive integers A={2,3,4,...,20}bymRn
if the largest prime divisor of m is the same as the largest prime divisor of n. The number

of equivalence classes of R is

(@8 (b)10 (c)9 (d)11 (e) 7
Ans:a

16. The set of all nth roots of unity under multiplication of complex numbers form a/an

A.semi group with identity  B.commutative semigroups with identity
C.group D.abelian group
Option: D

17. Which of the following statements is FALSE ?

A.The set of rational numbers is an abelian group under addition

B.The set of rational integers is an abelian group under addition

C.The set of rational numbers form an abelian group under multiplication
D.None of these

Option: D

18.In the group G = {2, 4, 6, 8) under multiplication modulo 10, the identity element is

19.

20.

21.

22.

A6 B8 C4 D.2

Option: A
Match the following
A. Groups I. Associativity
B. Semi groups [1. Identity
C. Monoids I11. Commutative

D. Abelian Groups IV Left inverse
A. ABCD BABCDCABCDDABCD
A/ T U I 1 TV 1 I 1 I 1 O N V4 [ L I 1 1 I AV
Option: A
Let (Z,*) be an algebraic structure, where Z is the set of integers and the operation * is
defined by n*m = maximum(n,m). Which of the following statements is TRUE for (Z,*)?
A.(Z, *) is amonoid B.(Z, *) is an abelian group C.(Z, *) is a group D.None

Option: D
Some group (G,0) is known to be abelian. Then which of the following is TRUE for G ?
Ag=glforeverygeG B.g=g*foreveryg€eG
C.(g 0 h)? = g?0 h?for every g,h € G D.G is of finite order
Option: C
If the binary operation * is deined on a set of ordered pairs of real numbers as (a, b)*(c,
d) = (ad + bc, bd) and is associative, then (1, 2) * (3, 5) * (3, 4) equals
A.(74,40) B.(32,40) C.(23,11) D.(7,11)
Option: A
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23. The linear combination of gcd(252, 198) =18 is d) 252*4 — 198*4

a) 252*4 — 198*5 b) 252*5 — 198*4 c) 252*5 —198*2
Answer:a

24. The inverse of 3 modulo 7 is

a) -1 b)-2 c¢)-3 d)-4 Answer:b

25. The integer 561 is a Carmichael number.

a) True b) False
Answer:a

26. The linear combination of gcd(117, 213) = 3 can be written as

a) 11*213 + (-20)*117 b) 10*213 + (-20)*117
c) 11*117 + (-20)*213 d) 20%213 + (-25)*117
Answer:a

27. The inverse of 7 modulo 26 is

a) 12 b)14 c¢)15 d)20
Answer:c

28. The inverse of 19 modulo 141 is

a) 50 b)51 c¢)54 d)52

Answer:d

29. The value of 5% mod 7 is

a) 3 b) 4 c)8 d) 9
Answer:a

30. The solution of the linear congruence 4x = 5(mod 9) is
a) 6(mod 9) b) 8(mod 9) ¢)9(mod9) d)10(mod 9)

Answer:b
31. The linear combination of gcd(10,11) = 1 can be written as
a) (-1)*10 + 1*11 b) (-2)*10 + 2*11

) 1¥10 + (-1)*11  d) (-1)*10 + 2*11

Answer:a
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